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PREFACE 


This dictionary is intended to be a reference book that gives 
reliable definitions or clear and precise explanations of mathe- 
matical terms. The level is such that it will suit, among others, 
sixth-form pupils, college students and first-year university 
students who are taking mathematics as one of their courses. 
Such students will be able to look up any term they may meet 
and be led on to other entries by following up cross-references or 
by browsing more generally. 

Statistics, computing and applied mathematics are not 
included. However, the concepts and terminology of all those 
topics that feature in pure mathematics courses at this level 
today are covered. There are also entries on major mathemat- 
icians and important mathematics of more general interest. The 
reader’s attention is drawn to the appendices which give useful 
tables for ready reference. 

One detail may need explanation. Within its own entry, a 
keyword appears in bold type at the point where it is defined or 
explained. Occasionally within an entry, other keywords, in bold 
type, may appear if this is the most appropriate context in which 
to define or explain them. Slanting type is used to indicate words 
with their own entry, to which cross-reference can be made if 
required. 

Iam most grateful to John Pulham, a colleague at the Univer- 
sity of Aberdeen, for writing the short biographical sketches of 
the mathematicians. It has been impossible, of course, to be com- 
prehensive; the intention has been to make mention of the 
greatest mathematicians and others that are important and 
about whom there is something of interest to say. Those included 
may perhaps serve to arouse an interest in the casual reader. 

My thanks also go to Ivor Grattan-Guinness and Robin 
Wilson, who read and commented on some of the material, and 
to Roger Wheeler, who took much trouble and made valuable 
suggestions. 


Christopher Clapham 
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Abel, Niels Henrik (1802-1829) Abel was born a pastor’s son in Norway. 
At the age of 19, he proved that the general polynomial of degree greater 
than 4 cannot be solved by ‘extraction of roots’. In other words, there can be 
no formula for the roots of such equations similar to the familiar formula for 
quadratics. Abel was also responsible for fundamental developments in the 
theory of algebraic functions. This was his most significant work. His name 
gives us the term abelian. He died in some poverty at the age of 26, just a 
few days before he would have received a letter announcing his appointment 
to a professorship in Berlin. 


abelian group Suppose that G is a group with the operation o. Then G is 
abelian if the operation o is commutative; that is, if, for all elements a and b 
in G,aob=boa. 


abscissa The abscissa is the x-coordinate in a Cartesian coordinate system 
in the plane. 


absolute error See error. 


absolute value For any real number a, the absolute value (also called 
the modulus) of a, denoted by |al, is a itself if a > 0, and —a if a < 0. Thus 
la| is positive except when a = 0. The following properties hold: 
(i) Jab = Jallo]. 
(ii) Ja + b| < la| + |b}. 
(iii) Ja — b| > Ila] — lll. 
(iv) For a > 0, |z| < a if and only if —a < z < a. 


absorption laws For all sets A and B (subsets of some universal set), 
AN(AUB)= Aand AU (AN B) = A. These are the absorption laws. 


abstract algebra The subject of abstract algebra is concerned with the 
many different algebraic structures, such as groups, rings and fields, involving 
sets of elements with particular operations satisfying certain axioms. The 


2 acceleration 


purpose is to derive, from the set of axioms, general results that are then 
applicable to any particular example of the algebraic structure in question. 
The theory of certain algebraic structures is highly developed; in particular, 
the theory of vector spaces is so extensive that its study, known as linear 
algebra, would probably no longer be classified as abstract algebra. 


acceleration Suppose that a particle is moving in a straight line with a 


point O on the line taken as origin and one direction taken as positive. Let x 
be the displacement of the particle at time t. The acceleration of the particle 
is equal to # or d?/dt?, the rate of change of the velocity with respect to t. If 
the velocity is positive (that is, the particle is moving in the positive direction), 
the acceleration is positive when the particle is speeding up and negative when 
it is slowing down. However, if the velocity is negative, a positive acceleration 
means that the particle is slowing down and a negative acceleration means 
that it is speeding up. 
acute angle 


An angle is acute if it is less than a right angle. An acute- 
angled triangle 


is one all of whose angles are acute. 


addition modulo n See modulo n, addition and multiplication. 


addition (of complex numbers) Let the complex numbers z; and z2, where 
21 =a + bi and z =c+di, 


be represented by the points P, and P, in the 
complex plane. Then 21 +22 = (a+c) + (b +d)i, and z; + 29 is represented in 


the complex plane by the point Q such that OP,\QPo is a parallelogram; that 
A r ea ey, 

is, such that OQ = OP, + OP}. Thus, if the complex number z is associated 
with the directed line-segment OP, where P represents z, addition of complex 
numbers corresponds exactly to the addition of the directed line-segments. 


a 


addition (of directed line-segments) See addition (of vectors). 


Let A and B be mx 
on of addition is 


addition (of matrices) 
and B = [bij]. The operati 
to ie areata C, where C = [cij] and Gj = aij +bij. The sum A+B 
is oe ehned if A and B are not of the same order. This operation + of 
addition on the set of all m x n matrices is associative and commutative. 


adjoint 3 


The parallelogram law The triangle law 
is called the parallelogram law. Alternatively, the sum of vectors a and b 


can be defined by representing a by a directed line-segment OP and b by PO, 
where the final point of the first directed line-segment is the initial point of 
the second. Then a + b is the vector represented by OQ. This is called the 
triangle law. Addition of vectors has the following properties, which hold 
for all a, b and c: 

(i) a+b = b + a, the commutative law. 

(ii) a + (b + c) = (a + b) + c, the associative law. 

(iii) a + 0 = 0 + a = a, where 0 is the zero vector. 

(iv) a + (—a) = (—a) + a = 0, where —a is the negative of a. 


additive group A group with the operation +, called addition, may be 
called an additive group. The operation in a group is normally denoted by 
addition only if it is commutative, so an additive group is usually abelian. 


additive inverse See inverse element. 


adjacency matrix For a simple graph G, with n vertices v1, v2, ..., Un; 
the adjacency matrix A is'the n x n matrix [aij] with aij = 1, if v; is joined 
to vj, and aij = 0, otherwise. The matrix A is symmetric and the diagonal 
entries are zero. The number of ones in any row (or column) is equal to the 
degree of the corresponding vertex. For example, a graph and its adjacency 
matrix A are shown below. ý 


v v 


omno 
omor 
monn 
o.oo 


va v 


adjoint The adjoint of a square matrix A, denoted by adj A, is the trans- 
pose of the matrix of cofactors of A. For A = [a;j], let Aij denote the 
cofactor of the entry aij. Then the matrix of cofactors is the matrix [Ajj] and 
adj A = [Aj;]. For example, a 3 x 3 matrix A and its adjoint can be written 


Gi) a2 Q33 An Azn Asi 
A= |an az a3], adj A = | A2 Ar A32 
a31 a32 a33 A3 A3 A33 
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In the 2 x 2 case, a matrix A and its adjoint have the form 
ab sa |d = 
a=[; al agia=| “af 


The adjoint is important because it can be used to find the inverse ofa Koa 
From the properties of cofactors, it can be shown that A adj A = (det A)I. 
follows that, when det A # 0, the inverse of A is (1/ det A) adj A 


adjugate = adjoint. 


Algebra, Fundamental Theorem of 


See Fundamental Theorem of Al- 
gebra. 


algebra of sets The set of all subsets of a universal set E is closed under 
the binary operations U (union) and N (intersection) and the unary operation 


(complementation). The following are some of the properties, or laws, that 
hold for subsets A, B and C of E: 


(i) AU(BUC) = (AUB 
associative properties. 
(ii) AUB=BuUA and AN B = BNA, the commutative properties. 
(iii) AUØ = A and ANO=0. 
(iv) AUE=E and ANE =A. 
(v) AUA=Aand ANA =A. 
(vi) AN(BUC) = (ANB)U(ANC) and AU(BNC) = (AUB)N(AUC), 
the distributive properties, 
(vii) AU A' = E and ANA =0. 
(viii) E’ =Ø and Ø' = E, 
(ix) (A'Y = A. 
(x) (AUB) = A'n p 


)UC and AN(BNC) = (AN B)NC, the 


and (AN B} = A'U B', de Morgan's laws. 


to subsets of E is known as 


algebraic number An algebraic number is 


a real number that is the 
uation with inte, 


ger coefficients. All rational numbers 

e equation bx —a = 0. Some irrational 
v2 is the root of the equation z? — 2 = 0. 
aic (such as 7) is called a transcendental 


algebraic structure The term algebraic structure is used to describe 
an abstract concept defined isti 


NUS, a group or a ring or a field is an algebraic 
structure. The purpose of the definition į 

in different contexts within mathematics and to encapsulate th 
of a set of axioms. 
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algorithm An algorithm is a precisely described routine procedure that 
can be applied and systematically followed through to a conclusion. 


altitude An altitude of a triangle is a line through one vertex and perpen- 
dicular to the opposite side. The three altitudes of a triangle are concurrent 
at the orthocentre. 


amplitude Suppose that x = Asin(wt + a), where A (> 0), w and a 
are constants. This may, for example, give the displacement z of a particle, 
moving in a straight line, at time t. The particle is thus oscillating about the 
origin O. The constant A is the amplitude and gives the maximum distance 
in each direction from O that the particle attains. 


analysis The subject of analysis, or mathematical analysis, is gener- 
ally taken to include those mathematical topics that involve the use of limiting 
processes. Thus differential calculus and integral calculus certainly come un- 
der this heading. Besides these, there are other topics, such as the summation 
of infinite series, which involve ‘infinite’ processes of this sort. The Binomial 
Theorem, a theorem of algebra, leads on into analysis when the index is no 
longer a positive integer, and the study of sine and cosine, which begins as 
trigonometry, becomes analysis when the power series for the functions are 
derived. The term ‘analysis’ has also come to be used to indicate a rather 
more rigorous approach to the topics of calculus, and to the foundations of 
the real number system. 


angle (between lines in space) Given two lines in space, let u; and uz be 
vectors with directions along the lines. Then the angle between the lines, 
even if they do not meet, is equal to the angle between the vectors u; and uz 
(see angle (between vectors)), with the directions of u; and uz chosen so that 
the angle @ satisfies 0 < 6 < 7/2 (0 in radians), or 0 < 0 < 90 (0 in degrees). 
If l, mı, nı and l2, m2,n2 are direction ratios for directions along the lines, 
the angle @ between the lines is given by 


[lilo + mime + ring| 


cos 6 = A 
VREM +03 JB + m3 +n 


angle (between lines in the plane) In coordinate geometry of the plane, the 
angle a between two lines with gradients mı and mz is given by 


mı- m2 


tana = nm 
1+mym2 


This is obtained from the formula for tan(A — B). In the special cases when 
mm2 = —1 or when m or mz is infinite, it has to be interpreted appropri- 
ately. 


angle (between planes) Given two planes, let nı and n3 be vectors normal 
to the two planes. Then a method of obtaining the angle between the planes 
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is to take the angle between n; and ng (see angle (between vectors)), with m 
directions of nı and nz chosen so that the angle @ satisfies 0 < 0 < T/2 (0 in 
radians), or 0 < @ < 90 (@ in degrees). 


angle (between vectors) Given vectors a and b, let OA and OB be direolad 
line-segments representing a and b. Then the angle o between the vectors 
a and b is the angle ZAOB, where 9 is taken to satisfy 0 < 0 < v (0 in 
radians), or 0 < 6 < 180 (8 in degrees). It is given by 
a.b 


cos 9 = —_. 
oe Tall] 


angular measure There are two principal ways of measuring angles: by 


using degrees, in more elementary work, and by using radians, essential in 
more advanced work. 


annulus (plural: annuli) An annulus is the region between two concentric 
circles. If the circles have radii r and r + w, the area of the annulus is equal 
to m(r + w)? — xr?, which equals w x 2n(r + 3w). It is therefore the same as 
the area of a rectangle of width w and length equal to the circumference of 
the circle midway in size between the two original circles, 


antiderivative Given a real fui 
f(z), for all z (in the 
both antiderivatives o 
by a constant. In tha 


nction f, any function ¢ such that ¢'(x) = 


t case, the notation 


[sera te 


where c is an arbitrary 


y constant, is an expression that gives all the antideriva- 
tives. 


antilogarithm The 
number whose logarithm 
mon logarithm tables are 


antilogarithm oi 
2 is equal to x, 
used to calculate 


f x, denoted by antilogr, is the 
For example, suppose that com- 
2-75 x 3-12. Then, approximately, 


arccos, arccosec, arccot, arcsin, arcsec, arctan 7 


log 2-75 = 0-4393 and log 3-12 = 0-4942 and 0-4393 + 0-4942 = 0-9335. Now 
antilog 0-9335 is required and, from tables, the answer 8-58 is obtained. Now 
that logarithm tables have been superseded by calculators, the term ‘antilog’ 
is little used. If y is the number whose logarithm is z, then log, y = x. This 
is equivalent to y = a® from the definition of logarithm. So, if base a is being 
used, antilog, x is identical with a*; for common logarithms, antilog,) x is 
just 10*, and this notation is preferable. 


antisymmetric matrix = skew-symmetric matrix. 


antisymmetric relation A binary relation ~ on a set S is antisymmetric 
if, for all a and b in S, whenever a ~ b then b % a. For example, < is an 
antisymmetric relation on the set of integers. 


Apollonius of Perga (about 262-190 BC) Apollonius worked during the 
Golden Age of Greek mathematics and was more or less contemporary with 
Archimedes. He emphasized the idea of epicyclic motion for the planets. His 
most famous work is The Conics, which was, until modern times, the definitive 
work on the conic sections: ellipse, parabola and hyperbola. 


Apollonius’ circle Given two points A and B in the plane and a con- 
stant k, the locus of all points P such that AP/PB = k is a circle. A circle 
obtained like this is an Apollonius’ circle. Taking k = 1 gives a straight 
line, so either this value must be excluded or, in this context, a straight line 
must be considered to be a special case of a circle. In the figure, k = 2. 


approximation When two quantities X and x are approximately equal, 
written X =œ z, one of them may be used in suitable circumstances in place of, 
or as an approximation for, the other. For example, 7 + 2 and V2 = 1-414. 


arc An arc is the part of a curve between two given points on the curve. 
If A and B are two points on a circle, there are two arcs AB. When A and B 
are not at opposite ends of a diameter, it is possible to distinguish between 
the longer and shorter arcs by referring to the major arc AB and the minor 
arc AB. 


arc (ofa digraph) See digraph. 


arccos, arccosec, arccot, arcsin, arcsec, arctan See inverse trigono- 
metric function. 


8 arccosh, arccosech, arccoth, arcsinh, arcsech, arctanh 


arccosh, arccosech, arccoth, arcsinh, arcsech, arctanh See inverse 
hyperbolic function. 


arc length Let y = f(x) be the graph of a function f such that f’ is 
continuous on [a,b]. The length of the arc, or arc length, of the curve y = 
f(x) between x = a and x = b equals 


b 
i J 1+ (f'(z))? dz. 


PARAMETRIC FORM. For the curve x = z(t), 


y = y(t) (t€ [a,]), the are 
length equals 


POLAR FORM. For the curve r =r(0) (a <9 < P), the are length equals 


Archimedean spiral An Archimedean spiral is a curve whose equation 
in polar coordinates is g 


= a8, where a (> 0) is ant. the figure, 
OA = az, OB = 2am, and so OB = 204. rene 


rchi a A 
pry alae Re) Archimedes was one of the greatest of all math- 
of hydrostatics and ¢ ae contributions to geometry and the theories 
FRAME tes oe quil 1brium. In pure mathematics, he is best remembered 

axiom in the theory of the real number system. His style is 


ainly murdered by a Roman soldier, an 
in mathematics, 


area of a surface of revolution L 
ae et y = f(x) be the graph of a function f 
such that f’ is continuous on [a, b) and f(z) > 0 for an x 7 lath, The area of 


area under a curve 9 


the surface obtained by rotating, through one revolution about the z-axis, 
the arc of the curve y = f(x) between z = a and x = b, equals 


z [ft + (2) as, or an f° sev FFE ae. 


PARAMETRIC FORM. For the curve z = z(t), y = y(t) (t € [a, 2]), the surface 
area equals 


POLAR FORM. For the curve r = ri (z )* <0< ) the surface area equals 


A (z) 
jr? + 2 * io. 
an f rsin 04/1 (z) 


area under a curve Suppose that the curve y = f(x) lies above the x- 
axis, so that f(x) > 0 for all x in [a,b]. The area under the curve, that is, 
the area of the region bounded by the curve, the z-axis and the lines £ = a 
and x = b, equals 


b 
[ f(x) de. 
a 
The definition of integral is made precisely in order to achieve this result. 
y: Y: 
A c 
oja b x oj a N a i 


If f(x) < 0 for all x in [a,b], the integral above is negative. However, it is 
still the case that its absolute value is equal to the area of the region bounded 
by the curve, the z-axis and the lines z = a and x = b. If y = f(a) crosses 
the x-axis, appropriate results hold. For example, if the regions A and B are 
as shown in the figure: 


b c 
area of region A = | f(x) da, area of region B = -f f(x) dx: 
a b 


It follows that 


wore gaet ° f(a)ae 
a a b 


= area of region A — area of region B. 


10 Argand diagram 
Similarly, to find the area of the region bounded by a suitable curve, the y-axis 
> 


and lines y = c and y = d, an equation x = g(y) for the curve must be found. 
Then the required area equals 
d 
ii gly) dy, 
c 


assuming that the curve is to the right of the y-axis, so that g(y) > 0 for all y 
in [c,d]. As before, the value of the integral is negative if g(y) < 0. 


8 


AA 


POLAR AREAS. Ifa curve has an equation r = r(0) in polar coordinates, there 
is an integral that gives the area of the region bounded by an arc AB of the 


curve and the two radial lines OA and OB. Suppose that 2zOA = a and 
2cOB = ß. The area of the region described equals 


B 
| dr? do. 
a 


x 


Argand was a Swiss mathematician 
nted a geometrical representation for 


including Gauss and Wessel. This explains the 
name Argand diagram. 


argument Suppose that 2 is represented by the 
point P in the com , denoted by argz, is 
makes with the Positive real axis Ox, with 
ase anti-clockwise from Ox, A: 
o that 0 < 
T <argze<7m. S 


s with polar coordi- 
argz < 27. Usually however, the 
ometimes, arg z is used to denote 
where n is an integer. In that case, the particular 


interval, specified or understood, such as [0, 27) or 
cipal value of arg z. 


any of the values @ + 2nz, 
value that lies in a certain 
(—7, 7], is called the prin 


Arithmetic, Fundamental Theorem of 


See Fundamental Theorem of 
Arithmetic. 


arithmetic mean See mean. 


arithmetic sequence An arithmetic Sequence is a finite or infinite 
sequence of terms a), 


2, 43, ... with a common difference d, so that 
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az — a, = d, a3 — az = d, and so on. The first term is usually denoted by a. 
For example, 2, 5, 8, 11, ... is the arithmetic sequence with a = 2, d = 3. In 
such an arithmetic sequence, the n-th term a, is given by an = a + (n — 1)d. 


arithmetic series An arithmetic series is a series a} +a2+a3 +--+ (which 
may be finite or infinite) in which the terms form an arithmetic sequence. Thus 
the terms have a common difference d, with ap — az_, = d for all k > 2. If 
the first term equals a, then a, =a + (k — 1)d. Let sn be the sum of the first 
n terms of an arithmetic series, so that 


Sn =a + (a+ d) + (a +2d) +--+ (a+ (n — 1)d), 


and let the last term here, a + (n — 1)d, be denoted by b. Then sn is given by 
the formula sn = in(a +b). The particular case, a = 1, d = 1, gives the sum 
of the first n natural numbers: 


n 
Pr=14+2+-+n= }n(n+1). 
r= 


arrangement See permutation. 


associative The binary operation o on a set S is associative if, for all 
a, band c in S, (aob) oc = ao (boc). 


asymptote A line / is an asymptote to a curve if the distance from a 
point P to the line / tends to zero as P tends to infinity along some unbounded 
part of the curve. Consider the following examples: 


= ct+3 (i) y= 32? 
~ (2 +2)(¢—-1)’ Y Dt+aetl’ 


(i) y 


Example (i) has x = —2 and x = 1 as vertical asymptotes and has y = 0 as a 
horizontal asymptote. Example (ii) has no vertical asymptotes and has y = 3 
as a horizontal asymptote. To investigate example (iii), it can be rewritten as 


1 


=zr-1 =. 
Yee ee 


Then it can be seen that y = z—1 is a slant asymptote, that is, an asymptote 
that is neither vertical nor horizontal. 


augmented matrix For a given set of m linear equations in n unknowns 
Eir Pisiy Da, 

a11T1 +0122 +-+ + ainTn = bi, 

a21T1 + A22T2 + +++ + A2nTn = b2, 


am1T1 + Am2t2 +-+- + AmnTn = bm, 


12 auriliary equation 
the augmented matrix is the matrix 


21 412 ... Gin b 
921 Q22 ... Aon bz 


ami Am2 amn bm 


elimination and Gauss-Jordan elimination. 

auxiliary equation See Jinear differential equations with constant coeffi- 
cients. 

axial plane 


An axial plane is one of the 
coordinate axes in a 3-dimensional Cartesian 
one of the axial planes is the yz-plane, or ( 
and the z-axis, and it has equation z = 0. 


Planes containing two of the 
coordinate system. For example, 
¥,2)-plane, containing the y-axis 


axis (plural: axes) See coordinates (in the Plane) and coordinates (in 3- 
dimensional space). 


axis (of a cone) See cone. 


axis (of a cylinder) See cylinder, 


axis (of a parabola) See Parabola. 


back substitution Suppose that a set of linear equations is in echelon 
form. Then the last equation can be solved for the first unknown appearing 
in it, setting any other unknowns equal to parameters taking arbitrary values. 
This can be substituted into the previous equation, which can then likewise 
be solved for the first unknown appearing in it. The process that continues in 
this way is back substitution. 


base (for representation of numbers) The integer represented as 4703 in 
Standard decimal notation is written in this way because 


4703 = (4 x 10°) + (7 x 10°) + (0 x 10) + 3. 
The same integer can be written in terms of powers of 8 as follows: 
4703 = (1 x 8*) + (1 x 8°) + (1 x 8?) +(3 x 8) +7. 


The expression on the right-hand side is abbreviated to (11137)g and is the 
representation of this number to base 8. In general, if g is an integer greater 
than 1, any positive integer a can be written uniquely as 


a = cng” + Cn-19"7? +++ + cig + Co, 


where each c; is a non-negative integer less than g. This is the representation 
of a to base g and is abbreviated to (CnCn—1 -- - C1co)g. Real numbers, not just 
integers, can also be written to any base, by using figures after a ‘decimal’ 
Point, just as familiar decimal representations of real numbers are obtained to 
base 10. See also binary representation, decimal and hexadecimal. 


base (of exponential function) See exponential function to base a. 
base (of logarithms) See logarithms. 
base (of natural logarithms) See e. 


basis (plural: bases) A set S of vectors is a spanning set if any vector 
can be written as a linear combination of those in S. If, in addition, the 
vectors in S are linearly independent, then S is a basis. It follows that any 
vector can be written uniquely as a linear combination of those in a basis. In 
3-dimensional space, any set of three non-coplanar vectors u, v and w is a 
basis, since any vector p can be written uniquely as p = cu + yv + zw. In 
2-dimensional space, any set of 2 non-parallel vectors has this property and 
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so is a basis. Any one of the vectors in a set currently being taken as a basis 
may be called a basis vector. 


basis vector See basis. 


belongs to If x is an element of a set S, then x belongs to S and this is 
written x € S. Naturally, z ¢ S means that x does not belong to S. 


Bernoulli family The Bernoulli family of Basle produced a stream of 
significant mathematicians, some of them very important indeed. The best 
known are the brothers, Jacques and Jean, and Jean’s son, Daniel. Jacques 
(1654-1705) did much work on the newly developed calculus but is remem- 
bered for his contributions to probability theory: the Ars Conjectandi was pub- 
lished, after his death, in 1713. Bernoulli numbers are named after Jacques. 
The work of Jean (1667-1748) was more definitely within the calculus and 
he was one of the founders of the Calculus of Variations. In the next gen- 
eration, Daniel (1700-1782) was the member of the family who worked in 
hydrodynamics, where he gave his name to Bernoulli’s Theorem. 


bijection A bijection is a one- 


to-one onto mapping, that is, a mapping 
that is both injective and surjective 


bijective mapping A mapping is bijective if it is injective (that is, one- 
to-one) and surjective (that is, onto). 


bilateral symmetry See symmetrical about a line. 


is often taken to be implied in saying that o is a binary 
operation on S. 


binary relation 


A formal definition of a binary relation on a set S is 
as a subset R of the 


Cartesian product § x 


ly written in this w; 


‘C’ is a binary relation o 
set E, and ‘is perpendicular to’ is 


in the plane. The letter ‘R’ 
related to b’. If this notatio: 
may be called the graph of 
can be defined that holds 


ay: ‘<’ is a binary relation 
n the set of subsets of some 
S a binary relation on the set of straight lines 
may be used in this way, ‘aRb’ meaning that ‘a is 
mis used, the set { (a,b) | (a,b) € Sx S and aRb} 


R. For any relation ~, a corresponding relation % 
whenever ~ does not hold. 


binary representation The binary representation of a number is its 
representation to base 2. It uses just the two binary digits 0 and 1, and this 
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is the reason why it is important in computing. For example, 37 = (100101)2, 
since 


37 = (1 x 25) + (0 x 24) + (0 x 25) + (1 x 2?) + (0 x 2) +1. 


Real numbers, not just integers, can also be written in binary notation, by 
using binary digits after a ‘decimal’ point, just as familiar decimal represen- 
tations of real numbers are obtained to base 10. For example, the number $ 
which equals 0-1 in decimal notation, has, in binary notation, a recurring 
representation: (0-00011001100110011...)2. 


binary tree See tree. 


n P Pe 
binomial coefficient The number, denoted by a where n is a positive 


integer and r is an integer such that 0 < r < n, is defined by the formula 


(1e n! 


r i A E ri(n—r)! 


Since, by convention, 0! = 1, we have el = (") = 1. These numbers 


are called binomial coefficients because they occur as coefficients in the 
Binomial Theorem. They are sometimes denoted by "C,: this arose as the 
notation for the number of ways of selecting r objects out of n (see selection), 
but this number can be shown to be equal to the expression given above for 
the binomial coefficient. The numbers have the following properties: 


(i) (") is an integer (this is not obvious from the definition). 
r 


r n n n n m 
iv ++ = 25, 
OROMOO 

It is instructive to see the binomial coefficients laid out in the form of Pascal’s 


triangle. 


binomial series (or expansion) The binomial series (or expansion) is 


(me ale=4) 0, ... 5, E 


in 
hea 
co n! 


1+ 


being the Maclaurin series for the function (1+ x)*. In general, it is valid for 
=1 <£ <1. Ifa is a non-negative integer, the expansion is a finite series and 
So is a polynomial, and then it is equal to (1 + x)® for all x. 
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Page Hy? and (x+y)? = 
= Tf +2ry+-y* and y 
i ial Theorem The formulae (x+y)? = x y- u 
er Eae are used in elementary algebra. The Binomial Theorem 
oe an expansion like this for (x + y)”, where n is any positive integer: 
THEOREM: For all positive integers n, 


! 
where (") = ai (see binomial coefficient). 


The following is a special case of the Binomial Theorem. It can also be 
seen as a special case of the binomial series when the series is finite: 


THEOREM: For all positive integers n, 


| 
047 Eras (Je (ea (ee 
r=0 


bipartite graph A bipartite graph is a graph in which the vertices can 
be divided into two sets Vj and V2, so that no two vertices in V; are joined 
and no two vertices in Vz are joined. The complete bipartite graph Kinn 
is the bipartite graph with m vertice: 


s in Vy and n vertices in Vz, with every 
vertex in V; joined to every vertex in Vz. 


LA 


Ka 


bisection method The bisection met; 
finding a root of an equation f(x) = 
f(a) and f(b) have Opposite signs an 
is known (by the Intermediate Valu 
in (a,b). The method is to bisec! 


hod is a numerical method for 
0. If values a and b are found such that 
d f is continuous on the interval [a,b], it 
e Theorem) that the equation has a root 


t the interval and replace it by either one half 
on the root, 


Let c= $(a+0). Calculate F(c). If f(c) has the same sign as f(a), then 
not (so that f(c) has the same sign as f(b)), 
pen that f(c) = 0, then c is a root 


Boole, George (1815-1864) 


Boole was an En, 
of the founding fathers of mat 


glish mathematician and one 
hematical logic. 


His major work, published 


bridges of Kénigsberg 17 


in 1854, is his Investigation of the Laws of Thought. The kind of symbolic 
argument that Boole developed led to the study of Boolean algebras, which 
are of current significance in computing and algebra. His work, together with 
that of others in the English School like de Morgan and Peacock, paved the 
way for the development of modern formal algebra. 


bound Let S be a non-empty subset of R. The real number b is said 
to be an upper bound for S if 6 is greater than or equal to every element 
of S. If S has an upper bound then S is bounded above. Moreover, b is a 
supremum (or least upper bound) of S if b is an upper bound for S and 
no upper bound for S is less than b; this is written b = sup S. For example, 
if S = { 0-9, 0-99, 0-999, .. .} then sup S = 1. Similarly, the real number c is a 
lower bound for S if c is less than or equal to every element of S. If $ has 
a lower bound then S is bounded below. Moreover, c is an infimum (or 
greatest lower bound) of S if c is a lower bound for S and no lower bound 
for S is greater than c; this is written c = inf S. A set is bounded if it is 
bounded above and below. 

It is a non-elementary result about the real numbers that any non-empty 
set that is bounded above has a supremum, and any non-empty set that is 
bounded below has an infimum. 


bounded function A real function f, defined on a domain S, is bounded 
(on S) if there is a number M such that, for all x in S, |f()| < M. The fact 
that if f is continuous on a closed interval [a,b] then it is bounded on [a,b] 
is a property for which a rigorous proof is not elementary (see continuous 
function). 


bounded sequence The sequence a1, a2, a3, ... is bounded if there is a 
number M such that, for all n, Jan] < M. 


bounded set Sce bound. 


Bourbaki, Nicolas General N. Bourbaki is an obscure French military 
man with many heads and twice as many legs. Mostly born in this century, 
much of him is still alive. Since 1939, he has been publishing an encyclopaedic 
survey of pure mathematics, the Elements, the influence of which is variously 
described as profound or baleful but is undoubtedly extensive. He has been the 
standard-bearer for what might be called the Structuralist School of modern 
mathematics. 


branch (of a hyperbola) The two separate parts of a hyperbola are called 
the two branches. 


bridges of Königsberg In the early eighteenth century, there were seven 
bridges in the town of Königsberg (now Kaliningrad). They crossed the dit- 
ferent branches of the River Pregel (now Pregolya) as shown in diagrammatic 
form in the figure. The question was asked whether it was possible, from 
Some starting point, to cross each bridge exactly once and return to the start- 
ing point. This prompted Euler to consider the problem in more generality 
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and to publish what can be thought of as the first research paper in graph 
theory. The original question asked, essentially, whether the graph shown is 
Eulerian. It can be shown that a connected graph is Eulerian if and only if 
every vertex has even degree and so the answer is no. 


C See complex number. 


cancellation laws Let o be a binary operation on a set S. The cancella- 
tion laws are said to hold if, for all a, band c in S, 


(i) ifaob=aoc then b= c, (ii) if boa = coa then b=c. 


It can be shown, for example, that in a group the cancellation laws hold. 
canonical form See quadric. 


Cantor, Georg (1845-1918) Cantor was born in St Petersburg, but spent 
most of his life in Halle. The latter part of his life was clouded by repeated 
mental illness and he spent much time in a sanitorium. His most profound con- 
tribution to mathematics was his theory of infinite sets and infinite numbers. 
Particularly important is his distinction between countable and uncountable 
sets. He may be thought of as the mathematician who liberated infinity. 


cap The operation N (see intersection) is read by some as ‘cap’, this being 
derived from the shape of the symbol, and in contrast to cup (U). 


cardinality For a finite set A, the cardinality of A, denoted by n(A), 
is the number of elements in A. The notation #(A) or |A] is also used. For 
subsets A, B and C of some universal set E, 

(i) n(A U B) = n(A) +n(B) - n(AN B), 


ii = B C)-n(AN B) 
(ii) n(A U BUC) =n(A) TAD Ae C)+n(ANBNC). 


r=2a(1+cos #) 


cardioid The cardioid is the curve traced out by a point on the circum- 
ference of a circle rolling round another circle of the same radius. Its equation, 
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in which a is the radius of each circle, may be taken in polar coordinates as 
r= 2a(1+cos@) (—r <9 <7). In the figure, OA = 4a and OB = 2a. 


Cartesian coordinates See coordinates (in the plane) and coordinates 
(in 3-dimensional space). 


Cartesian product The Cartesian product A x B, of sets A and B, 
is the set of all ordered pairs (a,b), where a € A and b € B. In some cases, 
it may be possible to give a pictorial representation of A x B by taking two 
perpendicular axes and displaying the elements of A along one axis and the 
elements of B along the other axis; the ordered pair (a,b) is represented by 
the point with, as it were, those coordinates, In particular, if A and B are 
subsets of R and are intervals, this gives a pictorial representation as shown. 
Similarly, the Cartesian product A x B x C of sets A, B and C can be defined 
as the set of all ordered triples (a,b,c), where a € A, b € Band c € C. More 


generally, for sets A1, A2,..., An, the Cartesian product A, x Ag x ++ X An 
can be defined in a similar way. 


catenar; {E i 5 A , 
orichain z ne catenary is the curve in which an ideal flexible heavy rope 


orm density hangs between two points. With suitable axes, the 
equi the cı = sh(zr, Si cl . 
‘quation of the curve is Y = ccosh(x/c) (see hyperbolic fun tion) 


y 


5 are very well known to 
as and unpopular man, a 
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Cayley-Hamilton Theorem The characteristic polynomial p(A) of an 
nx n matrix A is defined by p(A) = det(A — AI). The following result about 
the characteristic polynomial is called the Cayley-Hamilton Theorem: 
THEOREM: If the characteristic polynomial p(A) of an n x n matrix A is 
written as 
P(A) = (-1)9(A" + by"? + +++ + LA + bo), 


then A" +b,;A"-! +--+ bA + bol = O. 
central conic A central conic is a conic with a centre of symmetry and 


is thus an ellipse or a hyperbola. The conic with equation az? + 2hxy + by? + 
29x + 2fy + c= 0 is central if and only if ab # h?. 


central quadric A central quadric is a non-degenerate quadric with a 
centre of symmetry and is thus an ellipsoid, a hyperboloid of one sheet or a 
hyperboloid of two sheets. 


centre See circle, ellipse and hyperbola. 


centre of mass Suppose that particles P}, ..., Pk, with corresponding 
masses mı, ..., mp, have position vectors r}, ..., Tx, respectively. The centre 
of mass (or centroid) is the point with position vector r, where 


Mir, +++ FMT K 
my ++ Mr 


Consider the forces on the particles due to the earth’s gravity (assumed to be 
a uniform gravitational field). How does the centre of mass of the particles 
Move as a result of these forces? It moves in the same way as a single particle, 
With mass equal to the sum of the masses of the original particles, would move 
under gravity. Consequently, this point may also be called the centre of 
gravity. 


centre of symmetry See symmetrical about a point. 


centroid = centre of mass. See also centroid (of a triangle). 


centroid (of a triangle) The geometrical definition of the centroid Gofa 
triangle ABC is as the point at which the medians of the triangle are con- 
Current, It is, in fact, ‘two-thirds of the way down each median’, so that, for 
example, if A’ is the midpoint of BC, then AG = 2GA'. This is indeed the 


AAR 
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point at which a triangular lamina of uniform density has its centre z a 
It is also the centre of mass of three particles of equal mass Situated ee 
vertices of the triangle. If A, B and C are points in the plane with Cartes 
coordinates (x1,41), (12, y2) and (x3,y3), then G has coordinates 


(3(e1 + 22 +23), (m1 + y2 + ya)) . 


For points A, B and C in 3-dimensional space with Cartesian coordinates 


i P ‘tion of 
(r1, 91,21), (x2, y2, 22) and (x3, ys, 23), there is no change in the definition o! 
the centroid G and it has coordinates 


(3(e1 + T2 +5), $(1 + y2 + ya), M21 + z2 + 23)). 


If A, B and C have position vectors a, b and c, then G has position vector 
}(at+b+e). 


chain rule The chain rule gives the derivative of the composition of two 
functions: if h(x) = (f °9)(xz) = F(9(x)) for all a, 
For example, if h(x) = (z? +1)? then h = F 
9(z) = 2? +1. Then f'(z) = 32? and g'(x) 
6x(x? + 1)?. Another notation can be used 


is notation, suppose that y = (sin x)?. Then 
y = u”, where u = sing. So dy/du = 2u and du/dx = cosx and hence 
dy/dz = 2sinz cos z. 


change of base (of logarithms) See logarithm. 


change of coor 


dinates (in the plane) The simplest changes from one 
Cartesian coordi 


nate system to another are translation of axes and rotation 


polar coordinates for the change from Cartesian coordinates 


to polar coordinates and vice versa. 


The simplest change from 
nslation of axes. See also 


See integration. 


See characteristic Polynomial. 


Let A bea Square matrix. Then det(A — AI) 
he characteristic polynomial of A. The 
‘aracteristic equation of A and its roots 


ee also Cayley-Hamilton Theorem. 


characteristic root = characteristic value. 


characteristic value Let A be a Square matrix. The roots of the char- 
acteristic equation det(A — AI) = 0 


are called the characteristic values 
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of A. Then A is a characteristic value of A if and only if there is a non-zero 
vector x such that Ax = Ax. Any vector x such that Ax = Ax is called a 
characteristic vector corresponding to the characteristic value A. 


characteristic vector See characteristic value. 


chord Let A and B be two points on a curve. The straight line through A 
and B, or the line segment AB, is called a chord, the word being used when 
a distinction is to be made between the chord AB and the arc AB. 


circle The circle with centre C and radius r is the locus of all points in 
the plane whose distance from C is equal to r. If C has Cartesian coordinates 
(a,b), this circle has equation (a — a)? + (y — b)? = r?. An equation of the 
form x? + y? + 2gx + 2fy + c = 0 represents a circle if g? + f? — c > 0 and is 
then an equation of the circle with centre (—g, —f) and radius yg? + f? — c. 

The area of a circle of radius r equals wr? and the length of the circum- 
ference equals 27r. 


circle theorems The following is a summary of some of the theorems that 
can be proved concerned with properties of a circle: 

Let A and B be two points on a circle with centre O. If P is any point 
on the circumference of the circle and on the same side of the chord AB as O, 
then ZAOB = 2ZAPB. Hence the ‘angle at the circumference’ LAPB is 


independent of the position of P. 


If Q is a point on the circumference and lies on the other side of AB 
from P, then ZAQB = 180° — ZAPB. Hence opposite angles of a cyclic 
quadrilateral add up to 180°. When AB is a diameter, the angle at the 
circumference is the ‘angle in a semicircle’ and is a right angle. If T is any 
Point on the tangent at A, then LAPB = ZBAT. 


Suppose now that a circle and a point P are given. Let any line through P 
meet the circle at points A and B. Then PA.PB is constant, that is, the 
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A F ý 
same for all such lines. If P lies outside the circle and a line through P touches 
the circle at the point T, then PA. PB = PI, 


Sey, mae eof 
circular function The term circular function is used to describe one o 
the trigonometric functions sin and cos (and perhaps tan) 


circumcentre 
cumcircle of the tri 
perpendicular bise 


The circumcentre of a triangle is the centre of the cir- 


iangle. It is the point O, shown in the figure, at which the 


ctors of the sides of the triangle are concurrent. 


A 


; 22 Í 
The circumcircle of a 
vertices. Its centre is at t 


circumcircle 


triangle is the circle that passes 
through the three 


he circumcentre. 
circumference 
circle or the length 
the) circumference o 


The circumference of a circle is the boundary of na 
of the boundary, that is, the perimeter, The (length o! 
f a circle of radius r is 27r. 


circumscribing cylinder See zone. 


cis The abbreviation cis 9 is Sometimes used for cos + ising. 
closed disc See disc. 
closed half-plane See half-plane, 


closed interval The closed interval [a,b] is the set 


{t]@eRanda<r <p}. 


closed (under an Operation) See operation. 


codomain See function and mapping. 
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coefficient See binomial coefficient and polynomial. 


cofactor Let A be the square matrix [a;;]. The cofactor of the entry a;; 
is equal to (-1)**? times the determinant of the matrix obtained by deleting 
the i-th row and j-th column of A. If A is the 3 x 3 matrix shown, the factor 
(—1)**7 has the effect of introducing a + or — sign according to the pattern 
alongside: 


an M2 443 L 
A= |an an az = pee 
a31 a32 033 PS te 


So, for example, 


For a 2 x 2 matrix, the pattern is: 


a b 
e d 
So, the cofactor of a equals d, the cofactor of b equals —c, and so on. The 


following properties hold, for an n x n matrix A: 

(i) The expression aj, Ain + @i2Ai2 +++ + Gin Ain has the same value 
for any i, and is the definition of det A, the determinant of A. This 
particular expression is the evaluation of det A by the i-th row. 

(ii) On the other hand, if i # j, @i1Aj1 + Gi2Aj2 ++ + Qin Ajn = 0. 
rig for columns, corresponding to the results (i) and (ii) for rows, also 
hold. 


collinear Any number of points are said to be collinear if there is a 
Straight line passing through all of them. 


column operation See elementary column operation. 


column matrix A column matrix is a matrix with exactly one column, 
that is, an m x 1 matrix of the form 


ay 
a2 
Am 


Ginan matrix, it may be useful to treat its columns as individual 
column matrices. 


column rank Sce rank. 


column vector = column matrix. 
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combination = selection. 
common difference See arithmetic sequence. 


common logarithm See logarithm. 


common perpendicular Let lı and ls be two straight lines in space 


that do not intersect and are not parallel. The common perpendicular of 


lı and lz is the straight line that meets both lines and is perpendicular to 
both. 


common ratio See geometric sequence. 


commutative The binary operation o on a set S is commutative if, for 
all a and bin S,aob=boa, 


commutative ring See ring. 
commute Let o bea binary operation on a set S. The elements a and b of S 
commute (under the operation o) ifaob = boa. For example, multiplication 


on the set of all real 2 x 2 matrices is not commutative; but if A and B are 
diagonal matrices then A and B commute. 


ntation (the operation of taking the 
he set of subsets of a universal set E. 
The following properties hold: 
(i) E' =0, 0' =E. 
(ii) For all A, (A'Y = A, 
(iii) For all A, ANA’ =Ø, AUA' =E. 
See also relative complement. 


complementary function See linear differential equations with constant 
coefficients, 


2s 


K K Ks 
complete graph A complete graph is a simple graph in which every 
vertex is joined to every other, The complete graph with n vertices, denoted 
by Kn, is regular of degree n — 1 and has 1 


an(n- 1) edges. See also bipartite 
graph. 


complete set of residues A complete set of residues modulo n is 
a set of n integers, one from each 


1 of the n residue classes modulo n. Thus 
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eee is a complete set of residues modulo 4; so too are {1,2,3,4} and 
~1,0,1, 2}. 


completing the square Consider a numerical example: the quadratic 
equation 2z? + 52 + 1 = 0 can be solved by first writing it as 


1 1 Pot 
ah geo and then («+3) = zte ie’ 


This step is known as completing the square: the left-hand side is made 
into an exact square by adding a suitable constant to both sides. The solution 
of the quadratic equation can then be accomplished as follows: 


-5+ VIT 
stie, and so Mah ay ices 


By proceeding in the same way with az? + br + c = 0, the standard formula 
for the solution of a quadratic equation can be derived. 


complex number There is no real number x such that z?+1=0. The 
introduction of a ‘new’ number i such that i? = —1 gives rise to further 
numbers of the form a + bi. A number of the form a + bi, where a and b 
are real, is a complex number. Since one may take b = 0, this includes 
all the real numbers. The set of all complex numbers is usually denoted by 
C. (The use of j in place of i is also common.) It is assumed that two such 
numbers may be added and multiplied using the familiar rules of algebra, with 


? replaced by —1 whenever it occurs. So, 


(a + bi) + (c + di) = (a+c) + (b+d)i, 
(a + bi)(c + di) = (ac — bd) + (ad + bc)i. 


n and multiplica- 


Thus the set C of complex numbers is closed under addition 
fy the laws com- 


tion, and the elements of this enlarged number system satis! 
monly expected of numbers. , 

The complex number system can be put on a more rigorous basis as fol- 
lows. Consider the set R x R of all ordered pairs (a,b) of real numbers (see 
Cartesian product). Guided by the discussion above, addition and multiplica- 


tion are defined on R x R by 


(a,b) + (c,d) = (a + ¢,b + d), 
(a, b)(c, d) = (ac — bd,ad + be). 


It can be verified that addition and multiplication defined in this way are 
Associative and commutative, that the distributive law holds, that there is a 
zero element and an identity element, that every element has a negative and 
every non-zero element has an inverse (see inverse of a complex number). This 


Shows that R x R with this addition and multiplication is a field whose ele- 


ments, according to this approach, are called complex numbers. The elements 
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of the form (a,0) can be seen to behave exactly like the corresponding real 
numbers a. Moreover, if the element (0,1) is denoted by i, it is reasonable to 
write i? = —1, since (0,1)? = —(1,0). After providing this rigorous founda- 
tion, it is normal to write a + bi instead of (a,b). See also argument, modulus 
of a complex number and polar form of a complex number. 

complex plane Let points in the plane be given coordinates (x,y) with 
respect to a Cartesian coordinate system. The plane is called the complex 
plane when the point (x,y) is taken to represent the complex number x + yi. 
component (of a compound statement) See compound statement. 
component (ofa graph) A graph may be ‘in several pieces’ and these are 
called its components: two vertices are in the same component if and only if 
there is a path from one to the other. A more precise definition c 
by defining an equivalence relation on t 
if there is a path from u to v. 
equivalence classes. 


an be given 
he set of vertices with u equivalent to v 
Then the components are the corresponding 


component (of a vector) In a Cartesian coordinate system in 3-dimensional 
space, let i, j and k be unit vectors along the three coordinate axes. Given a 
vector p, there are unique real numbers z, y and z such that p =zi+yj+ zk. 
Then z, y and z are the components of p (with respect to the vectors i,j, k). 
These can be determined by using the scalar product: « = p.i, y = p-j 
and z = p.k. (See also direction cosines.) 

More generally, if u, v and w are any three non-coplanar vectors, then any 
vector p in 3-dimensional space can be expressed uniquely as p = ru+yv+2wW, 
and z, y and z are called the 


; components of p with respect to the basis 
u, v, w. In this case, however, the components cannot be found so simply by 
using the scalar product. 

composite 


A positive integer is com; 
to 1; that is, if it can be written as a p 
are both greater than 1, 


Posite if it is neither prime, nor equal 
roduct hk, where the integers h and k 


+ 2, 
ma 
s E v 
composition Let f:5 4 7 and g:T = U 


be mappings. With each s 
hence the element g(f(s)) of U- 
» Which is denoted by g o f (read as 
g. Note that f operates first, 
ed by (go f)(s) = 9(f(s)) and exists if and 


s) of T and 
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only if the domain of g equals the codomain of f. For example, suppose that 
f:R — Rand g:R — R are defined by f(x) = 1 — z and g(x) = z/(x? +1). 
Then f og:R — Rand go f:R — R both exist and 

rz 1-2 


(feg\(@)=1- a5 (9° N@) Teat 
The term ‘composition’ may be used for the operation o as well as for the 
resulting function. The composition of mappings is associative: if f:S + T, 
g:T + U and h:U — V are mappings, then ho (go f) = (hog)of. This 
means that the mappings h o (g o f) and (hog) ° f have the same domain S 
and the same codomain V and, for all s in S, (ho (g0 f))(s) = ((heg)° f)(s). 


compound interest Suppose that a sum of money P (measured in £, 
say) is invested with interest of i per cent a year. After one year, the amount 
becomes P + (i/100)P. This equals P(1 + i/100), so that adding on i per 
cent is equivalent to multiplying by 1 + 7/100. When interest is compounded 
annually, the new amount is used to calculate the interest due in the second 
year and so, after two years, the amount becomes P(1+i/100)?. After n years, 


the amount becomes PEN 
i 
P ( + 1) . 


This is the formula for compound interest. When points are plotted on 
graph paper to show how the amount increases, they lie on a curve that 
illustrates exponential growth. This is in contrast to the straight line obtained 
in the case of simple interest. 


A compound statement is formed from simple 


statements by the use of words such as ‘and’, ‘or’, ‘not’, ‘implies’ or their cor- 
responding symbols. The simple statements involved are the components of 
the compound statement. For example, (pAq)V (ar) isa compound statement 
built up from the components p, q and T. 


compound statement 


concave up and down See concavity. 


Va 
: See 


oe Concave up 


f(z), it may be possible to specify 


concavity At a point of a graph y = 
ther concave up or concave down 


the concavity by describing the curve as ei 


at that point, as follows. i a 
If the second derivative f”(x) exists and is positive throughout some 


neighbourhood of a point a, then f'(x) is strictly increasing in that neigh- 
bourhood and the curve is said to be concave up at a. At that point, the 
graph y = f(x) and its tangent look like one of the cases shown in the figure 
above. If f”(a) > 0 and f” is continuous at a, it follows that y = f(x) is 
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concave up at a. Consequently, if f'(a) = 0 and f”(a) > 0, the function f has 
a local minimum at a. Similarly, if f(z) exists and is negative throughout 
some neighbourhood of a, or if f(a) < 0 and f” is continuous at a, then the 
graph y = f(x) is concave down at a and looks like one of the cases shown 
in the figure below. If f'(a) = 0 and f"(a) < 0, the function f has a local 


maximum at a. 
a WN 
YS 
Concave down one 


concurrent Any number of lines are s: 


aid to be concurrent if there is a 
point through which they all pass. 


concyclic A number of points are concyclic if there is a circle that passes 
though all of them. 


condition, necessary and sufficient The implication q = p can be read 
as ‘if q then p’. When this is true, 


eae 7 it may be said that q is a sufficient 
condition for p; that is, the truth of the ‘condition’ q is sufficient to ensure 
the truth ofp. This means that pis true if q is true. On the other hand, when 
the implication p = q holds, 


: then q is a necessary condition for p; that 
is, the truth of the ‘condition’ q is a necessary consequence of the truth of P. 
This means that p is true only if q is true. When the implication between 
p and q holds both ways, p is true if and only if q is true, which may be 
written p & q. Then q is a necessary and sufficient condition for p. 
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of radius r, height h and slant height l, the volume equals inzr*h and the area 
of the curved surface equals zrl. : 

In more advanced work, a cone is the surface consisting of the points of 
the lines, called generators, drawn through a fixed point V, the vertex, and 
the points of a fixed curve, the generators being extended indefinitely in both 
directions. Then a right-circular cone is a cone in which the fixed curve is 
a circle and the vertex V lies on the line through the centre of the circle and 
perpendicular to the plane of the circle. The axis of a right-circular cone is 
the line through V and the centre of the circle, and is perpendicular to the 
plane of the circle. All the generators make the same angle with the axis; this 
is the semi-vertical angle of the cone. The right-circular cone with vertex 
at the origin, the z-axis as its axis, and semi-vertical angle a, has equation 
x? +y? = z? tan? a. See also quadric cone. 


conformable Matrices A and B are conformable (for multiplication) if 
the number of columns of A equals the number of rows of B. Then A has 
order m xn and B has order n x p, for some m, n and p, and the product AB, 
of order m x p, is defined. See multiplication (of matrices). 


For each positive integer n, the relation of con- 
: a is congruent to b modulo 
=b (mod n). The integer n is 
(mod n) if and only if a and b 
For example, 19 is congruent 
if a = b (mod n) and c = d 


congruence (modulo n) 
gruence between integers is defined as follows; 
n if a — b is a multiple of n. This is written: 
the modulus of the congruence. Then a = 
have the same remainder upon division by n. 
to 7 modulo 3. The following properties hold, 


(mod n): 
(i) a+c=b+d (mod n). 
(ii) a— c =b -— d (mod n). 


(iii) ac = bd (mod n). 
: can be shown that congruence modulo 
efines a partition of the set of integers, 
class if and only if they are congruent mo 
(or congruence) classes modulo n. 


n is an equivalence relation and so 
where two integers are in the same 
dulo n. These classes are the residue 


congruence class = residue class. 


congruence equation The following are examples of congruence equa- 


tions: 


(i) «+5 =3 (mod 7); this has the solution z = 5 (mod 7). 


(ii) 2s (mod 4); this has no solutions. 
(iii) z? =1 (mod 8); this has solutions « = 1, 3, 5 or 7 (mod 8). 
(iv) z? + 2¢ +3 = 0 (mod 6); this has solutions x = 1 or 3 (mod 6). 

In seeking solutions to a congruence equation, it is only necessary to consider 
a complete set of residues and find solutions in this set. The examples (i) 
and (ii) above are linear congruence equations. The linear congruence 
equation ar = b (mod n) has a solution if and only if (a,n) divides b, where 


a, j: 8. 
( an) is the greatest common divisor of a and n. 


Ii tll 
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congruent figures Two geometrical figures are congruent if they are 


identical in shape and size. This includes the case when one of them is a 
mirror-image of the other, and so the three triangles shown are all congruent 


to each other. 


congruent (modulo n) See congruence. 


conic A conic, or conic section, can be defined as a curve that can be 
obtained as the plane section of a cone. The figure shows how an ellipse, 
parabola or hyperbola can be obtained. 


But there are other more co; 


nvenient c] 
means of the focus and 


haracterizations, one of which is by 
perty. Let F be a fixed point (the focus) 
not through F, and let e be a fixed positive 
5 en the locus of all points P such that the 
distance ftom P to F imes the distance from P to | is a curve, and 


directrix pro 
irectrix), 


1 l 1. Note that a circle is certainly a conic (it is 
a special case of an ellipse); but it can only be obtained from the focus and 
directrix property by regarding i 


' 
P 
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In a Cartesian coordinate system, a conic is a curve that has an equation 
of the second degree, that is, of the form az? +2hzry + by? +29r4+2fy+ce=0. 
This equation represents a parabola if h? = ab, an ellipse if h? < ab and 
a hyperbola if h? > ab. It represents a circle if a = b and h = 0, and a 
rectangular hyperbola if a+b = 0. It represents a pair of straight lines (which 
may coincide) if A = 0, where 


ah g 
A=|h b f 
gfe 


The polar equation of a conic is normally obtained by taking the origin at 
a focus of the conic and the direction given by 8 = 0 perpendicular to the 
directrix. Then the equation can be written l/r = 1+ ecosé (all 0 such that 
cos@ 4 —1/e), where e is the eccentricity and l is another constant. 


conjugate axis See hyperbola. 


Conjugate (of a complex number) For any complex number z, where z = 
T+yi, its conjugate z (read as ‘z bar’) is equal to z—yi. In the complex plane, 
the points representing a complex number and its conjugate are mirror-images 
with respect to the real axis. The following properties hold: 


(i) Z = z; so if z1 = % then z2 = Z1- 
(ii) z +Z is real; if z = z + yi then Z+2Z= QW. 
(iii) 22 = |z|?; if z = z + yi then zz +y’ 
(iv) {Fa = Z + Hand 317 22 = 71 — 72- 
(v) Ha = HB and (1/22) = 21/72- 
complex number @ is a root of a polynomial 


It is an important fact that if the 
- +; Qn are real, then 


equation 2" + a,2"~} + +++ +@n-12 + An = 0, where ai, - 
& is also a root of this equation. 

then the statement ‘p and q’, 
nd q. For example, if p is ‘It is 
‘It is raining and it is Monday’. 
d q are both true and so the 


conjunction If p and q are statements, 
denoted by p Aq, is the conjunction of p a 
raining’ and q is ‘It is Monday’, then p Aq is 
The conjunction of p and q is true only when p an 
truth table is as follows: 


h is connected if there is a path from any one 


Connected graph A grap! 
d if it is ‘all in one piece’, that is, 


v 
fae to any other. So a graph is connecte 
it has precisely one component. 
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consistent A set of equations is consistent if there is a solution. 


constant function In real analysis, a constant function is a real func- 


tion f such that f(x) = a for all z in R, where a, the value of f, is a fixed 
real number. 


constant of integration If dis a particular antiderivative of a continuous 


function f, then any antiderivative of f differs from @ by a constant. It is 
common practice, therefore, to write 


| sear = $2) +6 


where c, an arbitrary constant, is the constant of integration. 
constant term See polynomial. 


construction with ruler and compasses See duplication of the cube, 
squaring the circle and trisection of an angle. 

contained in, contains It is tempting to say that ‘x is contained in S’ 
when z € S, and also to say that ‘A is contained in B’ if A C B. To distinguish 
between these two quite different notions, it is better to say that ‘x belongs to 


S’ and to say that ‘A is included in B’ or ‘A is a subset of B’. However some 
authors consistently say ‘is contained in’ for C. Given the same examples, it is 
similarly tempting to say that 


‘S contains z’ and also that ‘B contains A.’ It is 
again desirable to distinguish between the two by saying that ‘B includes A’ 
in the second case, though some authors consistently say ‘contains’ in this 
situation. The first case is best avoided or else clarified by saying that ‘S 
contains the element z’ or ‘S contains x as an element.’ 


continuous function The real function f of one variable is continuous 
at a if f(x) = f(a) asx 


= a (see limit (of f(x))). The rough idea is that, 
close to a, the function h 


f(a) and lim,_,,_ F(x) = f(b). The following 
(i) The sum of two conti 

(ii) The product of two c 

(iii) The quotient of two 


properties hold: 


(iv) Suppose that f is continuous at a, that f(a) = b and that g is 
continuous at b. Then h, defined by h(x) = (g o f)(x) = g( f(x), is 
continuous at a. 

(v) It can be proved from first princi 


I ples that the constant functions, and 
the function f, defined by f(z) 


= 2 for all x, are continuous (at any 
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point or in any interval). By using (i), (ii) and (iii), it follows that 
any polynomial function is continuous and that any rational function 
is continuous at any point or in any interval where the denominator 
is not zero. 
The following properties of continuous functions appear to be obvious if a 
continuous function is thought of as one whose graph is a continuous curve; 
but rigorous proofs are not elementary, relying as they do on rather deep 
properties of the real numbers: 

(vi) If f is continuous on a closed interval [a,b] and n is any real number 
between f(a) and f(b), then, for some c in (a,b), f(c) =n. This is 
the Intermediate Value Theorem or Property- 

(vii) If f is continuous on a closed interval [a,b] then f is bounded on [a, b}. 
Furthermore, if S is the set of values f(x) for z in [a,b] and M = 
sup S, then there is a € in [a,b] such that f(€) = M (and similarly for 
m = inf S). It is said that ‘a continuous function on a closed interval 


attains its bounds’. 


contrapositive The contrapositive of an implication p = q is the im- 
Plication ~q = ~p. An implication and its contrapositive are logically equiv- 
alent, so that one is true if and only if the other is. So in giving a proof ofa 
mathematical result, it may on occasion be more convenient to establish the 
contrapositive rather than the original form of the theorem. For example, the 
theorem that if n? is odd then n is odd could be proved by showing instead 
that if n is even then n? is even. : 

he implication q = P. 


converse The converse of an implication p > 4 is t 
ot be true. 


If an implication is true, then its converse may Or may n 


convex A plane or solid figure, such as @ polygon or polyhedron, is convex 
if the line segment joining any two points inside it lies wholly inside it. 


convex up and down Some authors say that a curve is convex up when 
it is concave down, and convex down when it is concave up (see concavity). 


Coordinates (on a line) One way of assigning coordinates to points ona 
line is as follows. Make the line into a directed Jine by choosing Out direction 
as the positive direction, running say from z’ to T. Take a point O on the line 
as origin and a point A on the line such that OA is equal to the unit length. 
If P is any point on the line and OP = 2, then 7 is the coordinate of P 
in this coordinate system. (Here OP denotes the measure.) The coordinate 
System on the line is determined by the specified direction of the line, the 
origin and the given unit of length. 


coordinates (in the plane) One way of assigning coordinates to points in 
d a directed line Oy 


the plane is as follows. Take a directed line Ox as x-axis an 
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as y-axis, where the point O is the origin, and specify the unit of length. For 
any point P in the plane, let M and N be points on the z-axis and eee 
such that PM is parallel to the y-axis and PN is parallel to the c-axis. | 

OM = z and ON =y, then (z,y) are the coordinates of the point Pin this 
coordinate system. The coordinate system is determined by the two directed 
lines and the given unit of length. When the directed lines intersect at a a 
angle, the system is a Cartesian, or rectangular, coordinate system ane 
(x,y) are Cartesian coordinates of P. Normally, Ox and Oy are chosen so 
that an anticlockwise rotation of one right angle takes the positive x-direction 
to the positive y-direction. 


There are other methods of assigning coordinates to points in the plane. 
One such is the method of Polar coordinates. 


: 
ey 
€ | 


> 
y 


t 
x 


nal space) One way of assigning coordinates to 
Take as axes, three mutually perpendicular 
» intersecting at the point O, the origin, and 
. Let L be the point where the plane through P, 
parallel to the plane containing the y-axis and the z-axis, meets the z-axis. 
n the z-axis such that PL is perpendicular to 
the x-axis. Let M and N be 


he coordinate axes and with O and P as opposite 
= 2, then (x,y,z) are the coordinates 

of the point P in this C i rdinate system, 

ning coordinates to points in space. One 

but using oblique axes. Others are by 

ndrical polar coordinates. 

coplanar points and lines 

if there is a plane in which the 

indeed, any three points that ar 

passes through them. 


A number of points 
y all lie. Three poini 
e not collinear deterr 


and lines are coplanar 
ts are always coplanar: 
mine a unique plane that 
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coplanar vectors Let OA and OB be directed line-segments representing 
non-zero, non-parallel vectors a and b. A vector p is coplanar with a and b 
if p can be represented by a directed line-segment OP, where P lies in the 
plane determined by O, A and B. The vector p is coplanar with a and b if 
and only if there exist scalars À and y such that p = Aa + pb. 


coprime = relatively prime. 

correspondence See one-to one correspondence. 
cosecant See trigonometric function. 

cosech, cosh See hyperbolic function. 

cosine See trigonometric function. 

cosine rule See triangle. 

cotangent See trigonometric function. 


coth See hyperbolic function. 


counterexample Let p(x) be a mathematical sentence involving a sym- 
bol x, so that, when z is a particular element of some universal set, p(x) is a 
Statement that is either true or false. What may be of concern is the prov- 
ing or disproving of the supposed theorem that p(x) is true for all x in the 
universal set. The supposed theorem can be shown to be false by producing 
Just one particular element of the universal set to serve as T that makes p(x) 
false. The particular element produced is a counterexample. For example, 
let p(x) say that cos +sinz = 1 and consider the supposed theorem that 
cosx + sinz = 1 for all real numbers x. This is demonstrably false (though 
P(x) may be true for some values of x) because z = 7/4 is a counterexample: 
Cos(7/4) + sin(7/4) # 1. 

Cramer’s rule Consider a set of n linear equations in n unknowns T1, 
T2, ..., Tn, written in matrix form as Ax = b. When A is invertible, the set 
of equations has a unique solution x = A~*b. Since AW} = (1/det A)adj A, 


this gives the solution 
_ (adj A)b 


det A ' 
which may be written 


yn: Deg tad E Eaa G=1,--n), 
det A 

using the entries of b'and the cofactors of A. This is Cramer’s rule. me 
that here the numerator is equal to the determinant of the matrix obtaine 
by replacing the j-th column of A by the column b. For example, this gives 
the solution of 

ar +by=h, 

ex +dy =k, 
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when ad — be #0, as 


h b a h 
kd hd — bk c k| ak—he 
S~\art| a Vae a 
c d ad 
critical point = stationary point. 
critical value = stationary value. 
cross product = vector product. 


cube A cube is a solid figure bounded by six square faces. It has eight 
vertices and twelve edges. 


cube root of unity 


A cube root of unity is a complex number z such 
that z3 = 1. The three cı 


‘ube roots of unity are 1, w and w?, where 


i Qa 27 1 v3 
E A E E _ 1 VB. 
w=e cos +i sins ath 
uf mete = cos F + isin =} V3, 


Properties: (i) w? = @ (see conjugate), (ii) 1 +w +w? =0. 
cubic equation, 


cubic polynomial A cubic polynomial is a polynomial 
of degree three; a 


cubic equation is a polynomial equation of degree three. 
cuboid A cuboid is a parallelepiped all of whose faces are rectangles. 
cup The operation U (see union) is read by some as ‘cup’, this being 
derived from the shape of the symbol, and in contrast to cap (N). 


curve sketching 


2 ction is always increasing or always 
decreasing, asymptotes (vertical, horizontal and slant), concavity, points of 
inflexion, points of intersecti 


on with the axes, and the gradient at points of 
interest. 


cycle (in a graph) See Hamiltonian graph and tree. 
cyclic group Let a be an element of a multiplicative group G. The ele- 
ments a”, where r is an integer (positive, zero or negative), form a subgroup 
of G, called the subgroup generated by a. A group G is cyclic if there is an 
element a in G such that the subgroup generated by a is the whole of G. If G 
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is a finite cyclic group with identity element e, the set of elements of G may be 
written {e,a,a?,...,a"-1}, where a” =e and n is the smallest such positive 
integer. If G is an infinite cyclic group, the set of elements may be written 
Kensgit a Ost posh 

By making appropriate changes, a cyclic additive group (or group with 
any other operation) can be defined. For example, the set {0;1,2,...,2—1} 
with addition modulo n is a cyclic group, and the set of all integers with 
addition is an infinite cyclic group. Any two cyclic groups of the same order 
are isomorphic. 


cyclic polygon A polygon is cyclic if there is a circle that passes through 
all its vertices. From one of the circle theorems, it follows that opposite angles 
of a cyclic quadrilateral add up to 180°. 
cycloid A cycloid is the path traced out by a point on the circumference 
of a circle that rolls without slipping along a straight line. With suitable axes, 
the cycloid has parametric equations x = a(t—sint), y = a(l—cost) (tE R), 
where a is a constant (equal to the radius of the rolling circle). In the figure, 
OA = 2ra. 


linder, if taken, say, with its axis verti- 
cal, would be reckoned to consist of a circular base, a circular top of the same 
size, and the curved surface formed by the vertical line segments joining them. 
For a cylinder with base of radius r and height h, the volume equals ar?h and 
the area of the curved surface equals 2mrh. 


cylinder In elementary work, a cy 


In more advanced work, a cylinder is a surface, consisting of the points 
Of the lines, called generators, drawn through the points of a fixed curve 
and Parallel to a fixed line, the generators being extended indefinitely in both 
directions. Then a right-circular cylinder is one in which the fixed curve 
'S a circle and the fixed line is perpendicular to the plane of the circle. The 
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axis of a right-circular cylinder is the line through the centre of the circle and 
perpendicular to the plane of the circle, that is, parallel to the generators. 


cylindrical polar coordinates Suppose that three mutually perpendic- 
ular directed lines Or, Oy and Oz, intersecting at the point O and forming 
a right-handed system, are taken as coordinate axes. For any point P, let 
M and N be the projections of P onto the xy-plane and the z-axis respectively. 
Then ON = PM = z, the z-coordinate of P. Let p = |PN], the distance of P 
from the z-axis, and let ¢ be the angle ¿tOM in radians (0 < ¢ < 27). Then 
(p,$,2) are the cylindrical polar coordinates of P. (It should be noted 
that the points of the z-axis give no value for ¢.) The two coordinates (p, 9) 
can be seen as polar coordinates of the point M and, as with polar coordinates, 
$+ 2kr, where k is an integer, may be allowed in place of ġ. 


The Cartesian coordinates (x,y, 2) of P can be found from (p, ġ,z) by: 
T = pcos¢, y = psing, and z = z. Conversely, the cylindrical polar co- 
ordinates can be found from (z,y,z) by: p = yz} y?, $ is such that 
cos = z/ 1? +y? and sin 6=y//z? +y}, andz =z. Cylindrical polar co- 
ordinates can be useful in treating problems involving right-circular cylinders. 
Such a cylinder with its axis along the z-axis then has equation p = constant. 


decimal Any real number a between 0 and 1 has a decimal representa- 
tion, written -djd2d3..., where each d; is one of the digits 0, 1, 2,..., 9; this 
means that 


a=d x 107! +dz x 107? + dg x 107° +--+. 


This notation can be extended to enable any positive real number to be written 
as 
Cnen—1-+-€1C0-didods - . - 


using, for the integer part, the normal representation CnCn—1 +. C1€0 to base 
10 (see base). If, from some stage on, the representation consists of the repe- 
tition of a string of one or more digits, it is called a recurring or repeating 
decimal. For example, the recurring decimal -12748748748 ... can be written 
12748, where the dots above indicate the beginning and end of the repeating 
String. The repeating string may consist of just one digit, and then, for exam- 
ple, 16666... is written as -16. If the repeating string consists of a single zero, 
this is generally omitted and the representation may be called a terminating 
decimal. 

The decimal representation of any real number is unique except that, if 
number can be expressed as a terminating decimal, it can also be expressed 
as a decimal with a recurring 9. Thus -25 and .249 are representations of the 
Same number. The numbers that can be expressed as recurring (including 
terminating) decimals are precisely the rational numbers. 


decimal places In rounding or truncation of a number to n decimal 
Places, the original is replaced by a number with just n digits after the decimal 
Point. When the rounding or truncation takes place to the left of the decimal 
Point, a phrase such as ‘to the nearest 10° or ‘to the nearest 1000’ has to be 
used. To say that a = 1-9 to 1 decimal place means that the exact value of a 
becomes 1-9 after rounding to 1 decimal place, and so 1-85 < a < 1-95. 


or on an interval I 


decreasing function A real function f is decreasing in 
Also f is strictly 


E fei) 2 f (x2) whenever x; and x2 are in J with x) < T2- 
ecreasing if f(x) > f(x2) whenever 71 < T2- 
is said to be decreasing 


decreasing sequence A sequence @1, 42, 43, ++- 
> aj+1 for all i. 


if ai > a;4; for all i, and strictly decreasing if a: 


Dedekind, Richard (1831-1916) Dedekind was a German mathematician 
who spent some years at the University at Göttingen and much of the rest 
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of his life teaching in a technical college. He is famous for the Dedekind cut. 
This refers to his formal construction of the real number system from the 
rational numbers. This was an important step towards the formalization of 
mathematics that we have seen in this century, albeit one that was anticipated 
by Eudoxus, 2000 years earlier. The reader is directed to Dedekind’s very 
readable account of his work in the essay Continuity and Irrational Numbers. 
definite integral See integral. 

degenerate conic A conic is degenerate if it consists of a pair of (possibly 


coincident) straight lines. The equation az? + 2hry + by? +2gr+2fy+c=0 
represents a degenerate conic if A = 0, where 


degenerate quadric 


The quadric with equation ax? + by? +.cz? + 2fyz+ 
Qgza + 2hay + Qur + Quy 


+ 2wz +d =0 is degenerate if A = 0, where 
h 


g u 
_|h f v 
Pa ft Bwl 
uvwd 


The non-degenerate quadrics are the ellipsoid, the hyperboloid of one sheet, 
the hyperboloid of two sheets, 


the elliptic paraboloid and the hyperbolic 
paraboloid. 


degree (angular measure) The method of measuring angles in degrees 
dates back to Babylonian mathematics around 2000 BC. A complete revolution 
is divided into 360 degrees (°); a tight angle measures 90°. Each degree is 
divided into 60 minutes (') and each minute into 60 seconds (”). In more 


advanced work, angles should be measured in radians. 


degree (of a polynomial) See polynomial. 


w 


degree (of a vertex of a graph) The degree of a vertex v of a graph is the 
number of edges ending at v. (If lo 


x Ops are allowed, each loop joining v to itself 
contributes two to the degree of v.) 
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In the graph on the left, the vertices u, v, w and z have degrees 2, 2, 3 
and 1. The graph on the right has vertices v1, v2, U3 and v4 with degrees 5, 
4, 6 and 5. 


de Moivre’s Theorem From the definition of multiplication (of a complex 
number), (cos 0; +isin 61)(cos 42 +isin 02) = cos(O; +62) +isin(O, +42). This 
leads to the following result known as de Moivre’s Theorem, which is crucial 
to any consideration of the powers 2” of a complex number z: 

THEOREM: For all positive integers n, (cos O+% sin)" = cosn@+i sin nð. 
The result is also true for negative (and zero) integer values of n, and this 
may be considered as either included in or forming an extension of de Moivre’s 
Theorem. 


de Morgan’s laws For all sets A and B (subsets of a universal set), 
(AU B} = A'N B’ and (AN B} = A’ UB". These are de Morgan’s laws. 


derivative For the real function f, if (f(a + h) — f(a))/h has a limit as 
h — 0, this limit is the derivative of f at a and is denoted by f'(a). (The 
term ‘derivative’ may also be used loosely for the derived function.) 
Consider the graph y = f(z). If (z, y) are the coordinates of a general 
point P on the graph and (1+Az, y+Ay) are those of a nearby point Q on the 
graph, it can be said that a change Az in z produces a change Ay in y. The 
quotient Ay/A is the gradient of the chord PQ. Also Ay = f(c+Ax)—f(e)- 
So the derivative of f at z is the limit of the quotient Ay/Az as Ax — 0. This 
limit can be denoted by dy/dx, which is thus an alternative notation for f’(:). 


The notation y’ is also used. 


ax 


The derivative f'(x) may be denoted by (d/d)( ), where the brackets 
contain a formula for f(x). Some authors use the notation df /dx. The deriva- 
tive f'(a) gives the gradient of the curve y = f(z), and hence the gradient of 
the tangent to the curve, at the point given by z =a. Suppose now, with a 
different notation, that x is a function of t, where ¢ is some measurement of 
time. Then the derivative dx/dt, which is the rate of change of £ with respect 
to t, may be denoted by #. The derivatives of certain common functions are 
given in the Table of Derivatives (Appendix 2). See also differentiation, left 


and right derivative, higher derivative and partial derivative. 


derived function The function f’, where f'(x) is the derivative of f at £, 


is the derived function of f. See also differentiation. 


To most people, the Frenchman Descartes is 


Descartes, René (1596-1650) a 
physical sciences, he is remembered 


best known as a philosopher. Within the 
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for his theory of vortices as an explanation of planetary motion, a a 
that was crushed by Newton. In mathematics, he is known mainly for his 
development of Cartesian geometry, using coordinates to change om 
into algebra. This seems very simple and obvious nowadays, but one shoul 
realize that very little of modern mathematics could have developed without it, 
including the whole notion of functional dependence. When living in Sweden, 
Descartes is reputed to have kept warm by working inside a stove. 


determinant For the square matrix A, the determinant of A, denoted 
by det A or |A], can be defined as follows. Consider, in turn, 1 x 1, 2 x 2, 
3 x 3, and n x n matrices. a 

The determinant of the 1 x 1 matrix [a] is simply equal to a. If A is the 


2 x 2 matrix below, then det A = ad — bc, and the determinant can also be 
written as shown: 


a b 
a=[2 a det A oar 


a | 
If A is a 3 x 3 matrix [a;;], then det A, which may be denoted by 


ai 412 a3 
921 a2 azj, 
a31 a32 a33 


is given by 


a22 a233 
a32 433 


a 
det A = a}; far G22 


a31 432 


Notice how each 2 x 2 dete 
the row and column contair 
is multiplied. This expressi 
written andn +0)2A}9 +0 
evaluation of det A, 


rminant occurring here is obtained by deleting 
ning the entry by which the 2 x 2 determinant 
ion for the determinant of a 3 x 3 matrix can be 
13413, where Aj; is the cofactor of aij. This is t 
‘by the first row’. In fact, det A may be found by using 
evaluation by any row or column: for example, a3; A31 + a32A32 + a33A33 İS 
the evaluation by the third row and 912A}2 +092 A22 +-032A3p is the evaluation 
by the second column. The determinant of an nxn matrix A may be defined 


similarly, as ayı Anı + 92412 + --- + ain An, and the same value is obtained 
using a similar evaluati n 


a on by any row or column. The following properties 
Old: 


(i) If two rows (or two columns) of a square matrix A are identical, 
det A =0. 
(ii) If two rows (or two col 
then only the sign of 
(iii) The value of det A i 
to another row, 
column. 


lumns) of a square matrix A are interchanged, 
det A is changed. 


is unchanged if a multiple of one row is added 
or if a multiple of one column is added to another 
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(iv) If A and B are square matrices of the same order, det(AB) = 
(det A) (det B). 
(v) If A is invertible, det(A~!) = (det A)~?. 
(vi) If A is an n x n matrix, det kA = k” det A. 
In particular cases, the determinant of a given matrix may be evaluated by. 
using operations of the kind described in (iii) to produce a matrix whose 
determinant is easier to evaluate. 


diagonal entry For a square matrix [a;j], the diagonal entries are the 
entries a1), a22, ..., Ann and they are said to form the main diagonal. 


diagonal matrix A square matrix is diagonal if all the entries not in the 
main diagonal are zero. 


difference equation Let uo, U1, U2, +++) Uny ++ be a sequence (where it 
is convenient to start with a term uo). If the terms satisfy the first-order 
difference equation un+1 + @Un = 0, it is easy to see that un = A(-a)", 
where A (= up) is arbitrary. ; 

Suppose that the terms satisfy the second-order difference equation 
Un+2 + QUny1 + bun = 0. Let a and £ be the roots of the quadratic equation 
2? +ar+b = 0. It can be shown that (i) if a # B, tn = Aa" + BA", 
(ii) if a = B, un = (A + Bn)a”, where A and B are arbitrary constants. The 
Fibonacci sequence is given by the difference equation Un+2 = Un+1+Un, with 
Uo = 1, u = 1, and the above method gives 


n n 
_1/itv5\" ,1(1-v8 
Meo p 2\ 2 
Difference equations, also called recurrence relations, do not necessar- 


ily have constant coefficients like those considered above; they have similarities 
with differential equations. 


difference quotient = Newton quotient. 


difference set The difference A\B of sets A and B (subsets of a universal 
Set) is the set consisting of all elements of A that are not elements of B. The 
notation A — B is also used. The set is represented by the shaded region of 
the Venn diagram shown. 


difference of two squares Since a” — b? = (a—b)(a + b), any expression 
with the form of the left-hand side, known as the difference of two squares, 
can be factorized into the form of the right-hand side. 


46 differentiable function 


differentiable function The real function f of one variable is 
entiable at a if (f(a + h) — f(a))/h has a limit as h = 0; that is, if the 
derivative of f at a exists. The rough idea is that a function is ig 
if it is possible to define the gradient of the graph y = F(x) and hence de a. 
a tangent at the point. The function f is differentiable in an open interval i 

it is differentiable at every point in the interval; and f is differentiable on the 
closed interval [a,b], where a < b, if it is differentiable in (a,b) and if the right 
derivative of f at a and the left derivative of f at b exist. 


differential calculus The term differential calculus is used to describe 
that part of mathematics that develops from the definition of the derivative of 
a function or the gradient of a graph. The derivative is obtained as the limit 
of the Newton quotient, and this is equivalent to the notion of the gradient 
of a graph as the limit of the gradient of a chord of the graph. From another 


point of view, the subject is concerned essentially with the rate of change of 
one quantity with respect to another. 


differential coefficient = derivative. 


differential equation Suppose that y is a function of z and that ys 
Y”, ..., y denote the derivatives dy/dx, d?y/dx?, ..., d*y/dz". An ordi- 
nary differential equation is an equation involving z, y, y’, y”,... - (The 
term ‘ordinary’ is used here to make the distinction from partial differential 
equations, which involve partial derivatives and which will not be discussed 
here.) The order of the differential equation is the order n of the highest 
derivative y) that appears. 

The problem of solving a differential e 
derivatives satisfy the equation. In certain 
a differential equation of order n has a geni 
involving n arbitrary constants, 
by some set of values of the ar 
Here are some examples of diffe: 
where A, B and C are arbitrary 


quation is to find functions y whose 
circumstances, it can be shown that 
eral solution, that is, a function Y 
that gives all the solutions. A solution gvon 
bitrary constants is a particular solution. 
rential equations and their general solutions, 
constants: 
(i) y' -y =3 has general solution y = Ae? — 3. 
(ii) of = (Qe + 3y + 2)/(4r + 6y — 3) has general solution In |2x + 3y| = 
2y-2r+C. 

Gii) y” +y =0 has general solutio: 

(iv) y” —2y' — 3y = 
Example (ii) shows that it is not necessarily possible to express y explicitly as 
a function of z. 


n y = Acosz + Bsin z. "e 
e~* has general solution y = Ae~* + Be5* — ixe™*. 


ential equations with constant coefficients. 
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differentiation Differentiation is the process of obtaining the derived 
function f' from the function f, where f'(x) is the derivative of f at x. The 
derivatives of certain common functions are given in the Table of Derivatives 
(Appendix 2), and from these many other functions can be differentiated using 
the following rules of differentiation: 
(i) If A(x) = k f (£) for all z, where k is a constant, then h(l) =k f'(z). 
(ii) If h(x) = f(x) + g(x) for all x, then h'(x) = f'(z) + g'(z). 
(iii) The product rule: If h(x) = f(x)g(2) for all x, then 


h'(x) = F(x)g'(x) + f'(z)g(2)- 
(iv) The reciprocal rule: If h(x) = 1/f(x) and f(x) #0 for all x, then 
at) 
TO 
(v) The quotient rule: If h(x) = f(x)/g(x) and g(x) # 0 for all z, then 


mio = L = Lea (a) 
= Oe)? 


h(x) = 


(vi) The chain rule: If h(x) = (f o 9)(z) = f(g(2)) for all x, then 


h'(x) = f'(g(a))9'()- 


digraph A digraph (or directed graph) consists of a number of vertices, 
Some of which are joined by arcs, where an arc, or directed edge, joins one 
vertex to another and has an arrow on it to indicate its direction. The arc from 
the vertex u to the vertex v may be denoted by the ordered pair (u,v). The 
digraph with vertices u, v, w, x and arcs (u,v), (u,w), (v, u), (w,v), (w, 2) is 
shown on the left below. 

As for graphs, and with a similar terminology, there may be multiple arcs 
and loops. A digraph with multiple arcs and loops is shown on the right. 


v w 


ane from O with scale factor c (# 0) 
the origin O is mapped to itself 
where O, P and P' are collinear 
Cartesian coordinates by x’ = cx, 


dilatation A dilatation of the pl 
is the transformation of the plane in which 
and a point P is mapped to the point P’, 
end OP' =cOP. This is given in terms of 
Y = 
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direct proof For a theorem that has the form p = q, a direct proof is 


one that supposes p and shows that q follows. Compare this with an indirect 
proof. 


directed graph = digraph. 


directed line A directed line is a straight line with a specified direction 
along the line. The specified direction may be called the positive direction 
and the opposite the negative direction. It may be convenient to distinguish 
the ends of the line by labelling them 2’ and x, where the positive direction 
runs from z’ to x. Alternatively, a directed line may be denoted by Oz, 


where O is a point on the line and the positive direction runs towards the 
end z. 


directed line-segment 


If A and B are two points on a straight line, 
the part of the line between 


and including A and B, together with a specified 
direction along the line, is a directed line-segment. Thus AB is the directed 


line-segment from A to B, and 


BA is the directed line-segment from B to A. 
See also vector, 


direction cosines In a Cartesian coordinate system in 3-dimensional 
space, a certain direction can be specified as follows. Take a point P such 
that OP has the given direction and |OP| = 1. Let a, 3 and y be the 
three angles <xOP, LyOP and 420P, measured in radians (0 < a < T, 

S T, 0 S y < 7). Then cosa, cosĝ, cosy are the direction cosines 
of the given direction or of OP. They are not independent, however, since 
cos a+ cos? + cos?y'= 1. The Point P has coordinates (cos a, cos 3, cos 7) 
and, using the standard unit vectors i, j and k along the coordinate axes, the 
Position vector p of P is given by p = (cosa)i + (cos )j + (cosy)k. So the 


direction cosines are the components of P. The direction cosines of the x-axis 
are 1,0,0; of the y-axis, 0,1,0; and of the z-axis, 0,0, 1. 


z 


a 


da7 


direction has direction cosines cos: 
l, m, n, not all zero, such that | = k COB Os 
d direction ratios of the given direction. 
= 1, it follows that 


cosa = =e cos 6 = +m +n 
VE +m? +n? VE aon 


PERE 
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where either the + sign or the — sign is taken throughout. So any triple 
of numbers, not all zero, determine two possible sets of direction cosines, 
corresponding to opposite directions. The triple l, m, n are said to be direction 
ratios of a straight line when they are direction ratios of either direction of 
the line. 


directrix (plural: directrices) See conic, ellipse, hyperbola and parabola. 


disc The circle, centre C, with coordinates (a, b), and radius r, has equation 
(x—a)?+(y—b)? = r?. The set of points (x, y) such that (x—a)?+(y—b)? < r° 
forms the interior of the circle and may be called the open disc, centre C, 
radius r. The closed disc, centre C, radius r, is the set of points (x,y) such 
that (z — a)? + (y — b)? < r°. 


discriminant For the quadratic equation ar? + br + c = 0, the quantity 
b? — dac is the discriminant. The equation has two distinct real roots, equal 
roots (that is, one root) or no real roots according as the discriminant is 
Positive, zero or negative. 


disjoint Sets A and B are disjoint if they have no elements in common; 
that is, if AN B = Ø. 


disjunction If p and q are statements, then the statement ‘por qv, denoted 
by pV 4q, is the disjunction of p and q. For example, if p is ‘It is raining and 
q is ‘It is Monday’ then p V q is ‘It is raining or it is Monday’. To be quite 
clear, notice that p V q means ‘p or q or both’: the disjunction of p and q is 
true when at least one of the statements p and q is true. The truth table is 
therefore as follows: 


displacement Suppose that a particle is moving in a straight line, with a 

Point O on the line taken as origin and one direction along the line taken as 

Positive. Let |OP| be the distance between O and P, where P is the posivon 

of the particle at time t. Then the displacement x is equal to JOP] if OP is 
hee men heer 

in the positive direction and equal to —|OP| if OP is in the negative direction. 

Indeed, the displacement is equal to the measure OP. 


dissection (of an interval) = partition (of an interval). 


If P, and P represent the complex num- 


distance (in the complex plane 
( plex plase) — z2|, the modulus of 21—22. 


bers z; and 22, the distance |P, Pa| is equal to |z1 
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distance between two points (inthe plane) Let A and B have coordinates 
(21,41) and (x2, yz). It follows from Pythagoras’ Theorem that the distance 


|AB| is equal to (x2 — 21)? + (y2 — y1). 

distance between two points (in 3-dimensional space) Let A and B have 
coordinates (21, 41,21) and (x2, y2, 22). Then the distance |AB| is equal to 
V (a2 — 21)? + (yo — i)? + (22 — 2a)? 


distance between two lines (in 3-dimensional space) Let J; and lz be lines 
in space that do not intersect. There are two cases. If lı and lz are parallel, 
the distance between the two lines is the length of any line segment Ny N2, 
with N; on lı and M3 on ly, perpendicular to both lines. If l} and lz are not 
parallel, there are unique points N, on l and Nz on lz such that the length 
of the line segment N, N3 is the shortest possible. The length |N,No| is the 


distance between the two lines. In fact, the line N, Nz is the common 
Perpendicular of l, and lz. 


distance from a point to a line (in the plane) The distance from the 
point P to the line / is the shortest distance between P and a point on L It is 
equal to |PN|, where N is the point on l such that the line PN is perpendicular 


to l. If P has coordinates (z1,41) and I has equation ar + by +c = 0, the 
distance from P to l is equal to 


lazı + by: +c| 
Vao ’ 
lazı + by; + c| is the absolute value of atı + by, +c. 


distance from a point to a plane (in 3-dimensional space) The distance 
from the point P to the plane p is the shortest distance between P and a 
point in p, and is equal to |PN|, where N is the point in p such that the 
line PN is normal to p. If P has coordinates (£1, 41,21) and p has equation 
ax + by + cz +d = 0, the distance from P to p is equal to 


where 


lazı + by; + cz, + d| 
— ee 
V@+eP+e 


where Jaz; + by, + cz, + d| is the absolute value of ar, + by, + cz, +d. 


distributive Suppose that o and « are binary operations on a set S. Then 
o is distributive over + if, for all a, b and c in S, 


ao (bxc) =(aob)*+ (aoc) and (axb) oc = (aoc) +» (boc). 


If the two operations are multiplication and addition, ‘the distributive laws’ 
normally means those that say that multiplication is distributive over addition- 


divides | Let @ and b be integers. Then a divides b (which may be written 
as a | 6) if there is an integer c such that ac = b. It is said that a is a divisor 
or factor of b, that b is divisible by a, and that b is a multiple of a. 
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divisible See divides. 


Division Algorithm The so-called Division Algorithm is the following 
theorem of elementary number theory: 

THEOREM: For integers a and b, with b > 0, there exist unique integers 
q and r such that a = bg +r, where 0 < r < b. 
In the division of a by b, the number g is the quotient and r is the remainder. 


divisor See divides. 


divisor of zero If in a ring there are non-zero elements a and b such 
that ab = 0, then a and b are divisors of zero. For example, in the ring of 


2 x 2 real matrices, 
wti E ae © 
0 oja aLa o}° 


and so each of the matrices on the left-hand side is a divisor of zero. Tn the 
ring Ze, consisting of the set {0, 1, 2,3,4,5} with addition and multiplication 
modulo 6, the element 4 is a divisor of zero since 4.3 = 0. 


dodecahedron (plural: dodecahedra) See polyhedron. 
domain See function and mapping. 

dot product = scalar product. 

double root See root. 


dummy variable A variable appearing in an expression is a dummy 
variable if the letter being used could equally well be replaced by another 
letter. For example, the two expressions 


1 1 
i a? dx, f tdt, 
0 0 


represent the same definite integral, and so x and t are dummy variables. 
Similarly, the summation 
5 
Dr 


r=1 
denotes the sum 1? + 22 + 3? +42 +52, and would still do so if the letter r 
were replaced by the letter s, say; so r here is a dummy variable. 


duplication of the cube One of the problems that Greek geometers 
attempted (like squaring the circle and trisection of an angle) was to eet 
construction, with ruler and pair of compasses, to obtain the side of a cube 
whose volume was twice the volume of a given cube. This is equivalent to 
finding a geometrical construction to obtain a length of y2 from a given 
unit length. Now constructions of the kind envisaged can only give lengths 
belonging to a class of numbers obtained, essentially, by addition, subtraction; 
multiplication, division and the taking of square roots. Since v2 does not 
belong to this class of numbers, the duplication of the cube is impossible. 


e The number e is the base of natural logarithms. There are several vaye 
of defining it. Probably the most satisfactory is this. First define In res 
approach 2 to the logarithmic function. Then define exp as the invee func a 
of In (see approach 2 to the exponential function). Then define e as equa’ 
exp 1. This amounts to saying that e is the number that makes 


e 
[itsa 
3, t 


i ical 
It is necessary to go on to show that e7 and exp z are equal and so are identical 
as functions, and also that In and log, are identical functions. 


The number e has important properties derived from some of the prop- 
erties of In and exp. For example, 


e=lim(1+h)/" = lim (1 + >) £ 
h—0 n—100 n 


Also, e is the sum of the series 


i e 
Another approach, but not a recommended one, is to make one of thes 
properties the definition o 


fe. Then expz would be defined as e7, Ing gou 
be defined as its inverse function, and the properties of these functions wou 
have to be proved. 


The value of e is 2-71828183 (to 8 decimal places). The proof that e is eae 
tional is comparatively easy. In 1873, Hermite proved that e is transcendenta 
and his proof was subsequently simplified by Hilbert. 


eccentricity See conic, ellipse and hyperbola. 


echelon form 


: 8 jes 
Suppose that a row of a matrix is called zero if all its entrie: 
are zero, Then a 


E as è w 
matrix is in echelon form if (i) all the zero rows come belo 


the non-zero rows and (ii) the first non-zero entry in each non-zero row = 5 
and occurs in a column to the right of the leading 1 in the row above. Fo! 
example, thi 


ese two matrices are in echelon form: 


LG aA 
00 iZ 
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Any matrix can be transformed to a matrix in echelon form using elementary 
row operations, by a method known as Gaussian elimination. The solutions of 
a set of linear equations may be investigated by transforming the augmented 
matrix to echelon form. Further elementary row operations may be used to 
transform a matrix to reduced echelon form. A set of linear equations is said 
to be in echelon form if its augmented matrix is. 


edge (of a graph), edge-set See graph. 
eigenvalue, eigenvector = characteristic value, characteristic vector. 


Einstein, Albert (1879-1955) Einstein's work was the single most impor- 
tant influence on the development of physics since Newton. He was respon- 
sible for the Special (1905) and General (1916) Theories of Relativity. He 
made a fundamental contribution to the birth of quantum theory and had an 
important influence on thermodynamics. He is perhaps most widely known 
for his equation E = mc?, quantifying the equivalence of matter and energy: 
He regarded himself as a physicist rather than as a-mathematician, but his 
work has triggered off many developments in modern mathematics. Contrary 
to the popular image of a white-haired professor scribbling incomprehensible 
symbols on a blackboard, Einstein’s great strength was his ability to ask sim- 
ple questions and give simple answers. In that way he changed our view of the 
universe and our concepts of space and time. Nothing could be more funda- 
mental. He once remarked that what really interested him was whether God 
had any choice in the creation of the world. 


element An object in a set is an element of that set. 
elementary column operation The following operations on the columns 
of a matrix are the elementary column operations: 


(i) interchange two columns, 
(ii) multiply a column by a non-zero scalar, 
(iii) add a multiple of one column to another column. 
An elementary column operation can be produced by post-multiplication by 
the appropriate elementary matrix. 


elementary function The elementary functions consist of the following 
real functions: the rational functions, the trigonometric functions, the loga- 
tithmic and exponential functions, the functions f defined by f(z) =a2™/™ 
(where m and n are non-zero integers), and all those functions that can be 
obtained from these by using addition, subtraction, multiplication, division, 
composition and the taking of inverse functions. 


elementary matrix An elementary matrix is a square matrix obtained 
from the identity matrix I by an elementary row operation. Thus there are 
three types of elementary matrix. Here is an example of each type: 
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1000 0 0 o 1000000 
0000100 0100000 
0010000 0900-30000 

Oo 001000], (loo 0 1000), 
0100000 0000100 
0000010 0000010 
0000001 0000001 

1000000 
0100400 
0010000 
joo 0 1000 
0000100 
0000010 
0000001 


The matrix (i) is obtained from I by interchanging the second and fifth rows, 
matrix (ii) by multiplying the third row by —3, and matrix (iii) by adding 
4 times the fifth row to the second row. Pre-multiplication of an m x n mas 
trix A byanmxm elementary matrix produces the result of the corresponding 
row operation on A. 

Alternatively, an elementary matrix can be seen as one obtained from the 
identity matrix by an elementary column operation; and post-multiplication 


of an m x n matrix A by annxn elementary matrix produces the result of 
the corresponding column operation on A. 


elementary row operation 


The following operations on the rows of a 
matrix are the elementary row 


operations: 
(i) interchange two rows, 

(ii) multiply a row by a non-zero scalar, 

(iii) add a multiple of one row to another Tow. 
An elementary row operation can be 
appropriate elementary matrix. Eleme: 
augmented matrix of a set of linear 
or reduced echelon form. Each eleme 


operation on the set of linear equatio: 
the equations. 


produced by pre-multiplication by the 
ntary row operations are applied to the 
equations to transform it into echelon 
ntary row operation corresponds to an 
ns that does not alter the solution set of 


ellipse An ellipse is a particular ‘oval’ shape, obtained, it could be Boon 
by stretching or squashing a circle. If it has length 2a and width 2b, its area 
equals rab. 


In more advanced work, a more precise definition of an ellipse is required. 
One approach is to define it as a conic with eccentricity less than 1. Thus it 
is the locus of all points P such that the distance from P to a fixed point Fi 
(the focus) equals e (< 1) times the distance from P to a fixed line h (the 
directrix), It turns out that there is another point F> and another line l2 
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such that the same locus would be obtained with these as focus and directrix. 
An ellipse is also the conic section that results when a plane cuts a cone in 
such a way that a finite section is obtained (see conic). 

The line through F; and F is the major axis, and the points V; and V2 
where it cuts the ellipse are the vertices. The length |V: V2| is the length 
of the major axis and is usually taken to be 2a. The midpoint of V; Vz 
is the centre of the ellipse. The line through the centre perpendicular to 
the major axis is the minor axis and the distance, usually taken to be 20, 
between the points where it cuts the ellipse is the length of the minor axis. 
The three constants a, b and e are related by b? = a?(1 — e?) or, in another 
form, e? = 1— b?/a?. The eccentricity e determines the shape of the ellipse. 
The value e = 0 is permitted and gives rise to a circle, though this requires 
the directrices to be infinitely far away and invalidates the focus and directrix 
approach. 


By taking a coordinate system with origin at the centre of the ellipse and 
z-axis along the major axis, the foci have coordinates (ae, 0) and (—ae, 0), the 
directrices have equations x = a/e and r= —a/e, and the ellipse has equation 


2 2 


£ 
=+ 5 =1, 
where a > b > 0. When investigating the properties of an ellipse, it is a 
common practice to choose this convenient coordinate system. It may be 
useful to take z =acos0,y=bsind (0<8< 27) as parametric equations. 

(An ellipse with its centre at the origin and its major axis, of length 2a, 
along the y-axis instead has equation y?/a? + z?/b? = 1, where a > b > 0, 
and its foci are at (0, ae) and (0,—ae).) 


i 


The ellipse has two important properties: 

(i) If P is any point of the ellipse with foci Fy and F and length of 
major axis 2a, then |PFi| + |PF,| = 2a. The fact that an ellipse 
can be seen as the locus of all such points is the basis of a practical 
method of drawing an ellipse using a string between two points. 
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(ii) For any point P on the ellipse, let œ be the angle between the pe 
at P and the line PF, and £ the angle between the tangent at an 
the line PF2, as shown in the figure; then a = 3. This property is 
analogous to that of the parabolic reflector (see parabola). 


ellipsoid An ellipsoid is a quadric whose equation in a suitable coordinate 
system is 


2 gti A 
Saree eg 
a? P e 


The three axial planes are planes of symmetry. All non-empty plane sections 
are ellipses. 


elliptic cylinder An elliptic c; 
curve is an ellipse and the fixed lir 
perpendicular to the plane of the 
coordinate system has equation 


ylinder is a cylinder in which the aie 
ae to which the generators are DATAR 
ellipse. It is a quadric and in a suital 


elliptic paraboloid 


ii jc 
An elliptic paraboloid (shown above) is a quadr: 
whose equation in a suit: 


able coordinate system is 


a" BG" 
Here the yz-plane and th 


. es 
€ 21-plane are planes of symmetry. Sections by plani 
Z= k, where k > 0, are 


ellipses (circles if a = b); planes z = k, where k < 0, 
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have no points of intersection with the paraboloid. Sections by planes parallel 
to the yz-plane and to the za-plane are parabolas. Planes through the z-axis 
cut the paraboloid in parabolas with vertex at the origin. 


empty set The empty set, denoted by ©, is the set with no elements in 
it. Consequently, its cardinality, n(O), is zero. 


entry See matrix. 
equality (of complex numbers) See equating real and imaginary parts. 


equality (of matrices) Matrices A and B, where A = [aij] and B = [bij], 
are equal if and only if they have the same order and aj; = bij for all i and j. 


equality (of sets) Sets A and B are equal if they consist of the same 
elements. In order to establish that A = B, a technique that can be useful is 
to show, instead, that both A C B and BC A. 


equality (of vectors) See vector. 


equating coefficients Let f(r) and g(x) be polynomials, and let 


f(x) = ant" tage") + + aT + a0, 


g(a) = bna” + byt"! +++ + biT + bo, 


where it is not necessarily assumed that an # 0 and bn # 0. If f(x) = g(x) 
for all values of x, then an = bn, an-1 = bn-1 +++) 01 = bi, a a bo. 
Using this fact is known as equating coefficients. The result is obtained by 
applying the Fundamental Theorem of Algebra to the polynomial h(x), where 
A(z) = f(x) — g(x). If h(x) = 0 for all values of x (or, indeed, for more than 
n values of £), the only possibility is that h(z) is the zero polynomial with all 
its coefficients zero. The method can be used, for example, to find numbers 
A, B, C and D such that 


a? = A(z — 1)(x—2)(x—3) + BE- (2-2) + C(@- + D 


for all values of z. It is often used to find the unknowns in partial fractions. 


Complex numbers a + bi and c+di 
his fact is called equating real 
2 = 5+ 12i, then a? — b? =5 


equating real and imaginary parts 
are equal if and only ifa = c and b = d. Using t! 
and imaginary parts. For example, if (a + bi 
and 2ab = 12, 


equiangular spiral An equiangular spiral is a curve whose equation in 
Polar coordinates is r = ae*®, where a (> 0) and k are constants. Let O be 
the origin and P be any point on the curve. The curve derives its name from 
the Property that the angle a between OP and the tangent at P is constant. 
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is 
In fact, k = cota. The equation can be written Inr = k0 + b and the curve i: 
also called the logarithmic spiral. 


equivalence class For an equivalence relation ~ona ie : “i ga 
alence class [a] is the set of elements of S equivalent to a; t rie foe 
[a]={x|reSandaw x}. It can be shown that if two equiva a TA 
have an element in common then the two classes are, as sets, equal: eae 
lection of distinct equivalence classes, having the property that every ele: 

of S belongs to exactly one of them, is a partition of S. 


P iè ivalence 
equivalence relation A binary relation ~ on a set S is an ba enti ate 
relation if it is reflexive, symmetric and transitive. For an equival a 
tion ~, a is said to be equivalent to b when a ~ b. It is an importa: 


2 s epr ined to 
that, from an equivalence relation on S, equivalence classes can be defin 
obtain a partition of S. 


equivalent See equivalence relation. 


Eratosthenes See sieve of Eratosthenes. 


error Let r bean approximation to a value X. According to some anhor, 
the error is X — ; for example, when 1-9 is used as an cane 
1-875, the error equals —0-025. Others define the error to be t—-X . Whic Ne 
of these definitions is used, the error can be positive or negative. Yet Ne 
authors define the error to be |X — z], the difference between the true aaa 
and the approximation, in which case the error is always greater than or eq 


. s alled the 
to zero. When contrasted with relative error, the error may be calle 
absolute error, 


Euclid (about 300 BC) 

Alexandria. He was the au 
book in Western Culture: 
not clear to what extent th 
is a textbook. The Eleme 
up to the construction o; 
from ‘undeniable’ axiom: 
pure mathematics is abo 
of the same name, 
whole delicate stru 


Euclid was a Hellenic mathematician Latency 
thor of what may well be the second most influen es 
the Elements. We know little of the man ant A 
e book describes original work and to what exte n T 
nts develops a large section of geometry, T 
f the five Platonic solids, by rigorous logic a k 
s. It has served for two millenia as a model of w “a 
ut. It is not to be confused with old school textbooks 


nà : the 
which, in the interests of simplicity, usually destroyed 
cture of Euclid’s work. 
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Euclidean Algorithm The Euclidean Algorithm is a process, based 
on the Division Algorithm, for finding the greatest common divisor (a,b) of 
two positive integers a and b. Assuming that a > b, write a = bq, +11, 
where 0 < rı < b. If ry = 0, the g.c.d. (a,b) is equal to b; if ry # 0 then 
(a,b) = (b, 71), so the step is repeated with b and r; in place of a and b. After 
further repetitions, the last non-zero remainder obtained is the required g.c.d. 
For example, for a = 1274 and b = 871, write 


1274 = 1 x 871 + 403, 
871 = 2 x 403 + 65, 
403 = 6 x 65+ 13, 

65 =5 x 13, 


and then (1274, 871) = (871,403) = (403, 65) = (65, 13) = 13. 

The algorithm also enables s and t to be found so that the g.c.d. can be 
expressed as sa + tb: use the equations in turn to express each remainder in 
this form. Thus, 


403 = 1274 — 1 x 871 =a — b, 
65 = 871 — 2 x 403 = b — 2(a — b) = 3b — 2a, 
13 = 403 — 6 x 65 = (a — b) — 6(3b — 2a) = 13a — 19b. 


Eudoxus (about 380 BC) Eudoxus was undoubtedly one of the greatest 
mathematicians of antiquity. Unfortunately, all his works have been lost, 
but we do know that he was responsible for the work in Book 5 of Buclid’s 
Elements. That alone would serve to make him great, for it is, in the language 
of the day, a precise and rigorous development of the real number system. The 
ideas in this are so sophisticated that its significance was soon forgotten and 
was not really appreciated until similar problems beset the mathematicians of 
the nineteenth century. 


Euler, Leonhard (1707-1783) Beyond comparison, the most prolific of 
famous mathematicians, Euler’s collected works stretch to over 90 large vol- 
umes (admittedly in large print). It was said that he calculated as easily as 
he breathed. Even more remarkable is the fact that a significant proportion of 
this work was done after he went blind. He was born in Switzerland but is most 
closely associated with the Berlin of Frederick the Great and the St Peters- 
burg of Catherine the Great. It is difficult to pin down Euler's contribution to 
mathematics in a single paragraph. He worked in that fantastically productive 
Period when the newly developed calculus was being extended in all directions 
at once and he made contributions to most areas of mathematics. Ironically, 
or perhaps not, he is best remembered by the notations that he introduced or 
Popularized. Among his contributions to the language are the basic symbols 
7, e, i, the summation notation 5 and our standard function notation F(z). 
His Introductio In Analysin Infinitorum was the most important mathematics 


60 Eulerian graph 


text of the late eighteenth century. From the vast bulk of his work, let us just 
present one famous result of which Euler was justifiably proud: 


Li 1 
Labi Pigg teteg 


aj 
i 
a}, 


Eulerian graph One area of graph theory is concerned with the pee 
of travelling around a graph, going along edges in such a way me nse ae 
edge exactly once. A connected graph is called Eulerian if there is a Seu Ai es 
Vo, €1, U1, +++, Ek, Uk Of alternately vertices and edges (where e; is an =o 
joining v;_, and vi), with vo = vy, and with every edge of the graph peo 
exactly once. Simply put, it means that ‘you can draw the graph bes nee 
taking your pencil off the paper or retracing any lines, ending at your eter 
point’. The name arises from Euler’s consideration of the problem of w pis 
the bridges of Königsberg could be crossed in this way. It can be shipi: at 
a connected graph is Eulerian if and only if every vertex has even degree. 


is se ence 
Euler’s constant Let Qa, =1+ 3 + 3 + + (1/n)- Inn. This sequenc 
has a limit whose value is known as Euler’s constant q; that is, an ~ Y. 


The value equals 0-57721566, to 8 decimal places. It is not known whether y 
is rational or irrational. 


Euler line Ina tri 
orthocentre H lie on 
OG :GH =1:2, 


angle, the circumcentre O, the centroid G ogo 
a straight line called the Euler line. On this line, 


Euler’s formula 


The equation cos @ + isin 6 = efô, a special case of which 
gives e +1 = 0, is sı 


ometimes called Euler’s formula. 


Euler’s function For a positive integer n, let ¢(n) be the number of 
positive integers less than n that are relatively prime to n. For example, 
(12) = 4, since four numbers, 1, 5, 7 and 11, are relatively prime to 12. Wins 
function ¢, defined on the set of Positive integers, is Euler’s function. It can 
be shown that, if the prime decomposition of n is n = Pt" pg? «per, then 


O(n) = PE py? peep — 1)(p» — 1) -- ( 


KOORE 
Pi P2 Pr 
Euler proved the follo 


positive inte 
(mod n). 


Pr — 1), 


is a 
wing extension of Fermat’s Little Theorem: ki E i 
ger and a is any integer such that (a,n) = 1, then a’ = 


Euler’s Theorem 
two edges cross, the pl. 
called ‘faces’, Euler’s 

THEOREM: Let G 
there are v vertices, 


If a planar graph G is drawn in the plane, so that r 
ane is divided into a number of regions which may 
Theorem (for planar graphs) is the following: 


è r f 
be a connected planar graph drawn in the plane. I 
e edges and f faces, then v — e +f =2. 
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An application of this gives Euler’s Theorem (for polyhedra): 


THEOREM: If a convex polyhedron has v vertices, e edges and f faces, 
then v—e+ f =2. 

For particular polyhedra, it is easy to confirm the result stated in the 
theorem. For example, a cube has v = 8, e = 12, f = 6 and a tetrahedron has 
v=4,e=6, f=4. 


even function The real function f is an even function if f(—x) = f(x) 
for all x (in the domain of f). Thus the graph y = f(x) of an even function 
has the y-axis as a line of symmetry. For example, f is an even function when 
f(z) is defined as any of the following: 5, x”, 2° — 4x4 + 1, 1/(x? — 3), cos x. 


existential quantifier See quantifier. 
exponent = index. See also floating-point. 


exponential decay Suppose that y = Ae“, where A (> 0) and k are con- 
stants, and £ represents some measurement of time. (See exponential growth.) 
When k < 0, y can be said to be exhibiting exponential decay. In such 
circumstances, the length of time it takes for y to be reduced to half its value 
is the same, whatever the value. This length of time, called the half-life, is a 
useful measure of the rate of decay. It is applicable, for example, to the decay 
of radioactive isotopes. 


exponential function The exponential function is the function J such 
that f(x) = ef, or expz, for all z in R. The two notations arise from dif- 
ferent approaches described below but are used interchangeably. Among the 
important properties that the exponential function has are the following: 

(i) exp(x + y) = (expx)(expy), exp(—x) = 1/expz, (exp =)" = expre. 
(These hold by the usual rules for indices once the equivalence of 
exp and e7” has been established.) 

(ii) The exponential function is the inverse 
function: y = exp z if and only if z = lny. 


function of the logarithmic 


pin a 

iii) — = $ 

(iii) Tr (expx) = expr 
2s 2 

(iv) exp is the sum of the series 1 + Tl + p in a 
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zyn 
(v) As n => œ, (1 + =) — expz. 
Three approaches can be used: 


1. Suppose that the value of e has already been obtained independant is 
Then it is possible to define e7, the exponential function to base e, by Se 
approach 1 to the exponential function to base a. Then expz can be tal en 
to mean just e7. The problem with this approach is its reliance on a prior 


definition of e and the difficulty of subsequently proving some of the other 
properties of exp. 


2. Define In as in approach 2 to the logarithmic function and take exp 
as its inverse function. It is then possible to define the value of e as exp], 
establish the equivalence of exp x and e*, and prove the other propert ies. This 
is widely held to be the most satisfactory approach mathematically, but it has 
to be admitted that it is artificial and does not match up with any of the ways 
in which exp is usually first encountered, 


3. Some other property of exp may be used as a definition. It may be 
defined as the unique function that satisfies the differential equation dy/dx = y 
(that is, as a function that is equal to its own derivative), with y = 1 when 
«= 0. Alternatively, Property (iv) or (v) above could be taken as the definition 
of exp. In each case, it has to be shown that the other properties follow. 


exponential function to base a 
to 1. The exponential function to 
f(x) = a? for all z in R. This must bi 


1 
commonly called ‘the’ exponential function. The graphs y = 2" and y = (4)* 
illustrate the essential difference betwee: 


n the cases when a > 1 and a < 1. See 
also exponential growth and exponential decay. 


Let a be a positive number not equal 
base a is the function f such that 
e clearly distinguished from what is 


Clarifying just what is meant by a7 


can be done in two ways: 
1. The familiar rules for 


x. For example, when x = V2, aul 
- - Now each of the values a™*, a™*, 
since in each case the index is rational. It can be 
of values has a limit and this limit is then taken as 
- The method is applicable for any real value of z. 


a sequence could be 1-4, 1-41, 1-414, ., 
Cea co hase meaning, 
proved that this sequence 
the definition of a¥2 
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2. Alternatively, suppose that exp has been defined (say by approach 

2 to the exponential function) and that In is its inverse function. Then the 

following can be taken as a definition: a” = exp(x Ina). This approach is less 

elementary but really more satisfactory than 1. It follows that In(a*) = x Ina, 
as would be expected, and the following can be proved: 

(i) a**¥ = a®a¥, a~* = 1/a", (a7)¥ =a. 
(ii) When n is a positive integer, a", defined in this way, is indeed equal 
to the product a x a x --- x a with n occurrences of a, and al/” is 


equal to ya, 


(iii) Je) =a" Ina. 

exponential growth When y = Ae*, where A (> 0) and k are constants, 
and £ represents some measurement of time, y can be said to be exhibiting 
exponential growth. This occurs when dy/dt = ky; that is, when the rate 
of change of the quantity y at any time is proportional to the value of y at that 
time. When k > 0, then y is growing larger with x and moreover the rate at 
which y is increasing increases with x. In fact, any quantity with exponential 
growth (with k > 0) ultimately outgrows any quantity growing linearly or in 
Proportion to a fixed power of t. When k < 0, the term exponential decay 
may be used. 


exterior angle See polygon. 


extrapolation Suppose that certain values f(zo), f(x1), --+) (£n) of a 
function f are known, where ay <2) < ++: < £n. A method of finding, from 
these, an approximation for f(x), for a given value of « that lies outside the 
interval (v0, £n], is called extrapolation. Such methods are normally far less 
reliable than interpolation, in which x lies between xo and Tn- 


factor See divides. 


factorial For a positive integer n, the notation n! (read as ‘n ie = 
used for the product n(n—1)(n—2)+--x2x1. For example, 4! = 4x3x2x 


24 and 10! = 10x9x8x7x6x5x4x3x2x 1 = 3,628,800. Also, by 
definition, 0! = 1. 


Factor Theorem The following result, known as the Factor Theorem, 
is an immediate consequence of the Remainder Theorem: 


THEOREM: Let f(c) be a polynomial. Then x — h is a factor of f(x) if 
and only if f(h) = 0. 


The theorem is valuable for finding factors of polynomials. For example, to 
factorize 223 +32? — 12x —20, look first for possible factors «—h, where h is an 
integer. Here h must divide 20. Try possible values for h and calculate f(r): 
Eventually it is found that F(-2) = -16 + 12 + 24 — 20 = 0 and so x + 2 is a 


factor. Now divide the polynomial by this factor to obtain a quadratic which 
it may be possible to factorize further. 


feasible region See linear programming. 
Fermat, Pierre de (1601-1665) 


Professionally, Fermat was a judge in 
Toulouse. In his sp: 


are time, he was one of the founders of the modern era 
of mathematics. His work on tangents was an acknowledged inspiration 
Newton in his development of the calculus. Fermat’s minimization principle 
in optics had profound consequences throughout later physics. Above all, F 
is remembered for his work in the theory of numbers, including Fermat's Little 
Theorem and the still unproven conjecture known as Fermat’s Last Theorem. 


Fermat prime 


present, the only kn 
3 and 4. 


A Fermat prime is a prime of the form 22” + 1. E 
own primes of this form are those given by r = 0, 1, 2, 


Fermat’s Last ‘Theorem’ No proof has yet been given of Fermat’s pa 
‘Theorem’ so its status is in fact that of a conjecture. It states that, for i 
integers n > 2, the equation z” +y" = 2" has no solutions in positive integers. 
Fermat wrote in the margin of a book that he had a proof of this, but he died 
without providing it. 

Fermat’s Little Theorem 


The name Fermat’s Little Theorem is 
Sometimes given to this result: 
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THEOREM: Let p be a prime and let a be an integer not divisible by p. 
Then a?-! = 1 (mod p). 
Sometimes the name is given instead to the following, which is a corollary of 
the preceding result: 

THEOREM: If p is a prime and a is any integer, then a? =a (mod p). 


Fibonacci (about 1170-1250) Leonardo of Pisa, known as Fibonacci (son 
of Bonaccio), was one of the first European mathematicians to emerge after 
the Dark Ages. He did significant work on Euclidean geometry but is best 
remembered for his sequence of Fibonacci numbers. This has turned out to 
be surprisingly important in modern mathematics and computing. 


Fibonacci number A Fibonacci number is one of the numbers in the 
Fibonacci sequence 1, 1, 2, 3, 5, 8, 13, ..., where each number after the second 
is the sum of the two preceding numbers in the sequence. This sequence has 
many interesting properties. For instance, the sequence consisting of the ratios 
of one Fibonacci number to the previous one, +, 2, 3, $, 8, 43,... , has the 
limit 7, the golden ratio. See also difference equation. 


field A field is a commutative ring with identity (see ring) with the fol- 
lowing additional property: 
10. For each a (# 0), there is an element a7} such that a~*a = 1. 

(The axiom numbering here follows on from that used for ring and integral 
domain.) From the defining properties of a field, Axioms 1 to 8 and Axiom 10, 
it can be shown that ab = 0 only if a = 0 or b= 0. Thus Axiom 9 holds, and 
so any field is an integral domain. Familiar examples of fields are the set Q 
of rational numbers, the set R of real numbers, and the set C of complex 
numbers, each with the usual addition and multiplication. Another example 
is Zp, consisting of the set { 0,1,2,...,p—1} with addition and multiplication 
modulo p, where p is a prime. 


finite sequence See sequence. 
finite series See series. 


first derivative The derivative may be called the first derivative when 
it is being contrasted with higher derivatives. 


fixed point See transformation (of the plane). 


fixed-point iteration To find a root of an equation J (x) = 0 by the 
method of fixed-point iteration, the equation is first rewritten in the form 
© = g(x). Starting with an initial approximation To to the root, the values £1, 
T2, T3, ... are calculated using tn41 = 9(Xn): The method is said to converge 
if these values tend to a limit a. If they do, then a = g(a) and so a is a root 
of the original equation. 

A root of x = g(x) occurs where the graph y = g(z) meets the line y = x. 
It can be shown that, if |g'(x)| < 1 in an interval containing both the root and 
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the value zo, the method will converge, but not if |g’(x)| >i. fied coe 
illustrated in diagrams such as those below; these show cases in te hic! a 5 
positive. For example, the equation 2? —z—1 = 0 has a root between keer 
so take To = 1-5. The equation can be written in the form EA e nna 
ways, such as (i) z = 23-1, (ii) z = (x+1)"/3. In case (i), 9(2) = br ne 
does not satisfy |g'(x)| < 1 near zp. In case (i), g (x) = 4(@ +1) ib 

g'(1-5) ~ 0-2, so it is likely that with this formulation the method converges. 


yer 


y=glx) 


floating-point One method of writing real numbers, used in ep esi 
is floating-point notation: a number is written as a x 10", where 0-1 < a $ 
and n is an integer. The number a is called the mantissa and n the oa eae 
Thus 634-8 and 0-00234 are written as 0-6348 x 103 and 0.234 x 107?. (Ther 
is also a base 2 version similar to the base 10 version just described.) a} 

This is in contrast to fixed-point notation, in which all numbers ene 
given by means of a fixed number of digits with a fixed number of digits al He 
the decimal point. For example, if numbers are given by means of 8 digits Wi a 
four of them after the decimal point, the two numbers above would be a ti 
(with an approximation) as 0634-8000 and 0000-0023. Integers are likely i 
be written in fixed-point notation; consequently, in the context of computers, 
some authors use ‘fixed-point’ to mean ‘integer’. 


focus (plural: foci) 


See conic, ellipse, hyperbola and parabola. 


foot of the perpendicular 


: wne) and 
See projection (of a point on a line) and 
projection (of a point on a plane). 


Four Colour Theorem 
the centuries that any geogra] 
regions, can be coloured wit! 


It has been observed by map makers mene 
phical map, that is, a division of the plane ini a 
h just four colours in such a way that no es 
neighbouring regions have the same colour. A proof of this, the Four eer 
Theorem, was Sought by mathematicians from about the 1850s. In P ; 
Heawood proved that five colours would suffice but it was not until 1976 t se 
Appel and Haken proved the Four Colour Theorem itself. Initially, aed 
mathematicians were sceptical of the proof because it relied, in an — 
way, on a massive amount of checking of configurations by computer tha 


5 Saar ri Ih 
could not easily be verified independently. However, the proof is now generally 
accepted and considered a magnificent achievement. 
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Fourier, Joseph (1768-1830) Fourier was an engineer-mathematician and 
one of Napoleon’s most able administrators. He made fundamental contri- 
butions to the theory of heat conduction and is best known for his theory 
of trigonometric series, now called Fourier series. These are of immense im- 
portance throughout mathematics, physics and engineering. Indeed, much of 
modern applied mathematics would be inconceivable without them. 


fourth root of unity A fourth root of unity is a complex number z 
such that z4 = 1. There are 4 fourth roots of unity and they are 1, i, —1, —i. 
(See n-th root of unity.) 


fractional part For any real number 2, its fractional part is equal to 
x — [x], where [x] is the integer part of x. It may be denoted by {x}. The 
fractional part r of any real number always satisfies 0 < r < 1. 


frustum (plural: frusta) A frustum of a right-circular cone is the part be- 
tween two parallel planes perpendicular to the axis. Suppose that the planes 
are at a distance h apart and that the circles that form the top and bot- 
tom of the frustum have radii a and b. Then the volume of the frustum 
equals frh(a? +ab+?). Let l be the slant height of the frustum, that 
is, the length of the part of a generator between the top and bottom of the 
frustum. Then the area of the curved surface of the frustum equals z(a + b)l. 


function A function f from S to T, where S and T are non-empty sets, is 
a rule that associates with each element of S (the domain) a unique element 
of T (the codomain). Thus it is the same thing as a mapping. The word 
‘function’ tends to be used when the domain S is the set R of real numbers, or 
some subset of R, and the codomain T is R (see real function). The notation 
f:S 4 T, read as ‘f from S to T’, is used. If z € S, then f(x) is the image 
of x under f. The subset of T consisting of those elements that are images of 
elements of S under f, that is, the set {y | y = f(x), for some z in § }, is the 
range of f. If f(x) = y, it is said that f maps z to y, written fiz oy If 
the graph of f is then taken to be y = f(x), it may be said that y is a function 
of z. When « =a, f(a) is the corresponding value of the function. 


Fundamental Theorem of Algebra A most important theorem in math- 
ematics, concerned with the roots of polynomial equations, is called the Fun- 
damental Theorem of Algebra: 


THEOREM: Every polynomial equation 
anz” + ay—1z" 1 +--+ +412 +00 = 0," 


where the a; are real or complex numbers and an # 0, has a root in the set of 
complex numbers. 
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It follows that, if f(z) = anz” +a,_yz"-! +---+a,z+<a9, there exist complex 
numbers @1, Q2, ..., Œn (not necessarily distinct) such that 


F(z) = an(z — a1)(z — a2) ...(z — an). 
Hence the equation f(z) = 0 cannot have more than n distinct roots. 


Fundamental Theorem of Arithmetic = the Unique Factorization The- 
orem (for integers). 


Fundamental Theorem of Calculus A sound approach to integration 


defines the integral 3 
[ soar 


as the limit, in a certain sense, of asum. That this can be evaluated, when f is 
continuous, by finding an antiderivative of f, is the result embodied in the BO 
called Fundamental Theorem of Calculus. It establishes that integration 
is the reverse process to differentiation. 


THEOREM: If f is continuous on [a,b] and ¢ is a function such that 
$'(x) = f(x) for all x in [a,b], then 


b 
[ 1) 4x = 40) - 0) 


Galois, Evariste (1811-1832) Galois is one of the great tragedies of ae 
ematical history. By the age of 19, he had made major contributions sae 
theory of equations in an area now known as Galois Theory. At the age o! 

he died, shot in a duel. 


Gauss, Carl Friedrich (1777-1855) Gauss has some claim to be ae 
as the greatest of all pure mathematicians. He also made ee ie cee 
tions to many other parts of mathematics and physics. He iad the aes 

of an early start, correcting his father’s financial accounts at t ae a of 24, 
At the age of 18, he invented the method of least squares: bre a oh was t 
he was ready to publish his Disquisitiones Arithmeticae, a boo on hic! a ant 
have a profound influence on the theory of numbers. He ha tase Aree 
the Fundamental Theorem of Arithmetic and the Fundamental ie 
Algebra. Gauss’s theorema egregium gave substance to the ae Pas Bead 
surfaces and led, in time, to Einstein’s cosmology. Gauss himsel ERR ee 
the possibility of the curvature of the universe. His work on pas ane 
tions was fundamental but was not published in his lifetime, ‘aaa as the 
we refer to Cauchy’s Theorem. Statisticians now use ear p ae ae oe 
Gaussian distribution, and in magnetism there ina tik Eer E na 
development of statistical technique and his great powers © F fr limited 
tion allowed him to calculate the orbits of comets and asteroi s ; eae Ai 
observational data. He is particularly associated with E as 

list goes on and on. 


Gaussian elimination Gaussian elimination is the se es Na 
particular systematic procedure for solving a set of linear og: aaa a 
unknowns. This is normally carried out by applying elementary row op 

to the augmented matrix 


an ai o Gn b 
an an - am be 
dai @m2 --- @mn bm 


to transform it to echelon form. The method is to divide ue rl a n 4 ee 
and then subtract suitable multiples of the first row from the subsequent rows, 
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to obtain a matrix of the form 


' 1 
1 ay Gr. Uy 
1 1 
0 an on 2 
` 4 P t 
O aoe ts Abm hy 


(If ai; = 0, it is necessary to interchange two rows first.) The first ron, 
remains untouched and the process is repeated with the remaining ae: ae 
ing the second row by a% to produce a 1, and subtracting suitable p see . 
the new second row from the subsequent rows to produce zeros bel p AER 
The method continues in the same way. The essential point is m t non 
sponding set of equations at any stage has the same solution set as the 

(See also simultaneous linear equations.) 


Gauss-Jordan elimination Gauss-Jordan elimination is an ie 
of the method of Gaussian elimination. At the stage when the ¿i-th row oe 
been divided by a suitable value to obtain a 1, suitable multiples of this os 
are subtracted not only from subsequent rows but also from preceding ai 
to produce zeros both below and above the 1. The result of this pane 
method is that the augmented matrix is transformed into reduced ec = 
form. As a method for solving simultaneous linear equations, Caradon : 
elimination in fact requires more work than Gaussian elimination followed by 
back substitution and so is not in general recommended. 


g.c.d. = greatest common divisor, 


general solution See differential equation. 


generator See cone and cylinder. 
. n a vector). 
geometrical representation (of a vector) = representation (of a vec 


geometric mean See mean. 


Beometric sequence 
quence aj, a2, az, .. 
and so on. The firs 
24, 48, ... is the ger 
Sequence, the n-th t 


A geometric sequence is a finite or ame 
- with a common ratio r, so that a2/a; =T, aja “12, 
t term is usually denoted by a. For example, 3, attic 
ometric sequence with a = 3, r = 2. In such a geom 
erm an is given by a, = ar®—!, 

Scometric series A geometric Series is a series a; +a2 +a3 +*+: gor 
may be finite or infinite) in which the terms form a geometric sequence. 


first 
the terms have a common ratio r with akları = r for all k. If EF so 
term a; equals a, then Gk = ark). Let sq be the sum of the first n terms, 
that sn =a+ar + ar? 


y the 
See aA Then Sn is given (when r # 1) by 
formulae 


1) 


ES a(l — r”) _ a(r” 


l-r f 
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If the common ratio r satisfies —1 < r < 1, then r” — 0 and it can be seen 
that sn — a/(1—r). The value a/(1—r) is called the sum to infinity of the 
series a+ ar +ar? +---. In particular, for —1 < x < 1, the geometric series 
1+z+.27+--- has sum to infinity equal to 1/(1 — x). For example, putting 
«= }, the series 1 + 4+4 +4 +- has sum 2. If x < -1 or z > 1, then sn 
does not tend to a limit and the series has no sum to infinity. 


Gödel, Kurt (1906-1978) In 1931, Gödel published a result which under- 
mined many of the hopes of modern mathematical logic. Mathematicians had 
been trying to put the theory of elementary arithmetic on to a sound formal 
footing. A necessary requirement for any such formal system is that it be 
self-consistent and complete. Gödel showed that the consistency of elemen- 
tary arithmetic could not be proved from within the theory itself. He gave us 
the notion of unprovability, a concept that has become significant in modern 
computer science. 


Goldbach’s conjecture In 1742, Christian Goldbach conjectured that 
every integer greater than 2 is the sum of two primes. Neither proved nor 
disproved, Goldbach’s conjecture remains one of the most famous unsolved 
problems in number theory. 


golden ratio, golden rectangle See golden section. 


golden section A line segment is divided in golden section if the ratio of 
the whole length to the larger part is equal to the ratio of the larger part to the 
Smaller part. This definition implies that, if the smaller part has unit length 
and the larger part has length 7, then (7 +1)/r = 7/1. Hence 7?- 7-1 = 0, 
which gives r = }(1 + V5) = 1-6180, to 4 decimal places. This number 7 is 
the golden ratio. A golden rectangle, whose sides are in this ratio, has 
throughout history been considered to have a particularly pleasing shape. It 
has the property that the removal of a square from one end of it leaves a 
rectangle that has the same shape. 


Bradient (of a straight line) In coordinate geometry, suppose that A and B 
are two points on a given straight line and let M be the point where the line 
through A parallel to the x-axis meets the line through B parallel to the y- 
axis. Then the gradient of the straight line is equal to MB/AM. (Notice 
that here MB is the measure of MB, where the line through M and B has 
Positive direction upwards. In other words, MB equals the length |M B] if B 
is above M, and equals —|MB| if B is below M. Similarly, AM = |AM| if 
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M is to the right of A, and AM = — |AM| if M is to the left of A. Two cases 
are illustrated in the figure.) 

The gradient of the line through A and B may be denoted by mag, and, 
if A and B have coordinates (z1,y1) and (x2, yo), with T1 # T2, 


mag = 2 Yi 
AB ay a 


Though defined in terms of two points A and B on the line, the gonne 
the line is independent of the choice of A and B. The line in the figure 
adient 4. F 
i Alternatively, the gradient may be defined as equal to tan ð, where See 
direction of the line makes an angle @ with the positive x-axis. (The aian 
possible values for Ø give the same value for tan 0.) If the line through A anc Ss 
is vertical, that is, parallel to the y-axis, it is customary to say that the gradier 
is infinite. The following properties hold: 


(i) Points A, B and C are collinear if and only if mag = MAc- (This 
includes the case when map and mac are both infinite.) if 
(ii) The lines with gradients mı and mz are parallel (to each other) 
and only if m; = mp. (This includes m; and m3 both infinite.) sell 
(iii) The lines with gradients m; and mz are perpendicular (to each ot! ri 
if and only if mımz = —1. (This must be reckoned to include 
cases when m; = 0 and mz is infinite and vice versa.) 


graph A graph consists 


fs s), 
of a number of vertices (or points or nodes) 
some of which are joined by 


edges. The edge joining the vertex u and ml 
vertex v may be denoted by (u,v) or (v, u). The vertex-set, that is, rs 
of vertices, of a graph G may be denoted by V(G) and the edge-set by E( i 
For example, the graph shown on the left above has V (G) = { u,v, w, x} a! 


E(G) = { (u,v), (u,w), (v, w), (w, x) }. 
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In general, a graph may have more than one edge joining a pair of vertices; 
when this occurs, these edges are called multiple edges. Also, a graph may 
have loops — a loop is an edge that joins a vertex to itself. In the other graph 
shown, there are 2 edges joining vı and v3 and 3 edges joining v2 and v3; the 
graph also has three loops. 

Normally, V(G) and E(G) are finite, but if this is not so, the result may 
also be called a graph, though some prefer to call this an infinite graph. 


graph (of a function or mapping) For a real function f, the graph of f is 
the set of all pairs (x, y) in R x R such that y = f(x), and z is in the domain 
of the function. For many real functions of interest, this gives a set of points 
that form a curve of some sort, possibly in a number of parts, that can be 
drawn in the plane. Such a curve defined by y = f(z) is also called the graph 
of f. See also mapping. 


graph (ofa relation) Let R be a binary relation on a set $, so that, when 
a is related to b, this is written as aRb. The graph of R is the corresponding 
subset of the Cartesian product S x S, namely, the set of all pairs (a,b) such 
that aRb, 


great circle A great circle (in contrast to a small circle) is a circle on 
the surface of a sphere with its centre at the centre of the sphere. 


greatest common divisor For two non-zero integers a and b, any integer 
that is a divisor of both is a common divisor. Of all the common divisors, 
the greatest is the greatest common divisor (or g.c.d.), denoted by (a,b). 
The g.c.d. of a and b has the property of being divisible by every other common 
divisor of a and b. It is an important theorem that there are integers s and t 
such that the g.c.d. can be expressed as sa + tb. If the prime decomposition of 
a and b are known, the g.c.d. is easily found: for example, ifa = 168 = 2°x3x7 
and b = 180 = 2?x3?x5 then the g.c.d. is 2?x3 = 12. Otherwise, the g.c.d. can 
be found by the Euclidean Algorithm, which can be used also to find s and t 
to express the g.c.d. as sa + tb. Similarly, any finite set of non-zero integers 


9, a2, ..., an has a g.c.d., denoted by (a1,425-++4n); and there are integers 
$1, 82, ..., Sn such that this can be expressed as $101 + $242 + +++ + $n@n- 
8reatest lower bound = infimum. 


greatest value Let f be a real function and D a subset of its domain. 
If there is a point c in D such that f(c) > f(x) for all z in D, then f(e) 
is the greatest value of f in D. There may be no such point: consider, for 
example, either the function f defined by f(x) = 1/x or the function f defined 
by f(x) = z, with the open interval (0,1) as D; or the function J defined by 
f(z)=2- [z], with the closed interval [0,1] as D. If the greatest value does 
exist, it may be attained at more than one point of D. 

That a continuous function on a closed interval has a greatest value is en- 
Sured by the non-elementary theorem that such a function ‘attains its bounds’. 


T4 group 


An important theorem states that a function, continuous on [a.b] and a 
entiable in (a,b), attains its greatest value either at a local maximum (which 
is a stationary point) or at an end-point of the interval. 


group An operation on a set is only worth considering if it has properties 
likely to lead to interesting and useful results. Certain basic properties recur 
in different parts of mathematics and, if these are recognized, use can be man 
of the similarities that exist in the different situations. One such set of Sen 
properties is specified in the definition of a group. The following, then, are all 
examples of groups: the set of real numbers with addition, the set of non-zero 
real numbers with multiplication, the set of 2 x 2 real matrices with matrix 
addition, the set of vectors in 3-dimensional space with vector addition, the set 
ofall bijective mappings from a set S onto itself with composition of mappings 
the four complex numbers 1, i, -1, —i with multiplication. The definition is 
as follows: a group is a set G closed under an operation o such that 
1. for all a, b and c in G, ao(boc)=(aob)oc, 


2. there is an identity element e in G such that aoe = eoa = a for 
alla in G, 


3. for each a in G, there is 
a’ oa=e. 
The group may be denoted by (G,0), 
ify the operation, but may be called 
operation is clear, 


i= 
an inverse element a’ in G such that aoa 


or (G, 0), when it is necessary to a 
simply the group G when the intende 


half-life See exponential decay. 


half-plane In coordinate geometry, if a line | has equation ax + by +c = 0, 
the set of points (x,y) such that ax + by + c > 0 forms the open half-plane 
on one side of l and the set of points (x, y) such that az +by+c < 0 forms the 
open half-plane on the other side of l. When the line ax + by +c = 0 has been 
drawn, there is a useful method, if c # 0, of determining which half-plane is 
which: find out which of the two inequalities is satisfied by the origin. Thus 
the half-plane containing the origin is the one given by ax-+by+c > 0 if c > 0, 
and is the one given by ax + by +c < 0 if c <0. 

A closed half-plane is a set of points (x,y) such that ax + by+c > 0or 
such that ax +by +c < 0. The use of open and closed half-planes is the basis 
of elementary linear programming. 


half-turn symmetry See symmetrical about a point. 


Hamilton, William Rowan (1805-1865) Hamilton is Ireland’s greatest 
mathematician. He was a child prodigy. It is claimed that at the age of 13 
he could speak 13 languages. He became professor at Dublin at the age of 22. 
Hamilton’s main achievement was in the subject of geometrical optics, for 
which he laid a theoretical foundation that came close to anticipating quantum 
theory. His work is also of great significance for general mechanics. He is 
Perhaps best known among pure mathematicians for his algebraic theory of 
complex numbers, the invention of quaternions and his exploitation of non- 
commutative algebra, in which ab # ba. 


Hamiltonian graph In graph theory, one area of study has been concerned 
with the possibility of travelling around a graph, going along edges in such 
a way as to visit every vertex exactly once. The precise definitions can be 
given as follows. A cycle in a graph is a sequence Uo, ĉi, Vi, -++5 €k, Uk 
(k > 1) of alternately vertices and edges (where e; is an edge joining v;-1 
and vi), with all the edges different and all the vertices different, except that 
vo = vk. Then a Hamiltonian cycle is a cycle that contains every vertex, 
and a graph is called Hamiltonian if it has a Hamiltonian cycle. The term 
arises from Hamilton's interest in the existence of such cycles in the graph of 
the dodecahedron — the graph with vertices and edges corresponding to the 
vertices and edges of a dodecahedron. 


handshaking lemma In any graph, the sum of the degrees of all the ver- 
tices is even, a simple result called the handshaking lemma. (The name 
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arises from its application to the total number of hands shaken when = 
members of a group of people shake hands.) It follows from the simple ol ie 
vation that the sum of the degrees of all the vertices of a graph is equal to 
twice the number of edges. A result that follows from it is that, in any graph, 
the number of vertices of odd degree is even. 


harmonic mean See mean. 


harmonic series The harmonic series is the series 1 434545 hie 
where the n-th term a, equals 1/n. For this series, a, — 0. However, ane 
series does not have a sum to infinity for, if Sn is the sum of the first n onan 
then sn — oo. For large values of n, sn = In n+y, where y is Euler's constant. 


h.c.f. = highest common factor. 


n . i t 
helix A helix is a curve on the surface of a (right-circular) cylinder thai 


it is ‘like a spiral 
cuts the generators of the cylinder at a constant angle. Thus it is ‘like a spir: 
staircase’, 


heptagon A heptagon is a seven-sided polygon. 


Hero’s formula See triangle. 


hexadecimal Numbers are written in hexadecimal notation when tey 
are written to base 16. In this system, 16 digits are required and it is norma 
to take 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, A, B, C, D, E, F, where A to F represent rue 
numbers that, in decimal notation, are denoted by 10, 11, 12, 13, 14 and 15. 


Then the hexadecimal representation of the decimal number 712, for example, 
is found by writing 


712 =2 x 16° +12x164+8= (2C8)16. 


It is particularly simple to change the representation of a number to base a 
(binary) to its representation to base 16 (hexadecimal) and vice versa: each 
block of 4 digits in base 2 (form blocks of 4, starting from the right-hand end) 
can be made to correspond to its hexadecimal equivalent. Thus 

(101101001001101), = (101|1010|0100|1101), = (5A4D)16- 
Real numbers, not just integers, can 
by using hexadecimal digits after a 
representations of real numbers are o 
is important in computing. It transl: 
concise and easier to read. 


also be written in hexadecimal amar 
‘decimal point, just as familiar decima 
btained to base 10. Hexadecimal paano 
ates easily into binary notation but is mor 


hexagon A hexagon is a six-sided polygon. 

higher derivative If the function Í is differentiable on an interval, i 
derived function f' is defined. If f' is also differentiable, then the epee 
function of this, denoted by f”; is the second derived function of f; ! 
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value at x, denoted by f(x), or d?f /dz?, is the second derivative of f at x. 
(The term ‘second derivative’ may be used loosely also for the second derived 
function f”.) 

Similarly, if f” is differentiable, f’’(x) or d°f/dz*, the third derivative 
of f at z, can be formed, and so on. The n-th derivative of f at x is 
denoted by f(x) or d"f/dx”. The n-th derivatives, for n > 2, are the 
higher derivatives of f. When y = f(x), the higher derivatives may be 
denoted by d?y/dx?, ..., d”y/dz" or y", y", ---, y™. If, with a different 
notation, x is a function of t and the derivative dx/dt is denoted by ż, the 
second derivative d?z/dt? is denoted by #. 


higher-order partial derivative Given a function f of n variables 21, 
T2, ..., En, the partial derivative Of /Ox;, where 1 < i = n, may also be 
reckoned to be a function of £1, £2, ...,Zn- So the partial derivatives of Of /Ox; 


can be considered. Thus 


g (34) and jee (3) (for j # i) 


On; Oz; Ox; \ Oz; 


can be formed and these are denoted, respectively, by 


8f of 
Ox? a Ox;02;° 


These are the second-order partial derivatives. When j Fi, 


af of 
Ox,02; and Ox ;02; 


are different by definition, but the two are equal for most ‘straightforward’ 
functions f that are likely to be met. (It is not possible to describe here 
just what conditions are needed for equality.) Similarly, third-order partial 
derivatives such as 

af Bf of ER 

ôr 02,023 021022023" Or302302, 


can be defined as can fourth-order partial derivatives, and so on. Then the 
n-th-order partial derivatives, where n > 2, are the higher-order partial 


derivatives. i Eo 
When f is a function of two variables z and y and the partial derivatives 


are denoted by fz and fy, then fzr, fry fyz: fyy ate used to denote 
af af af af 
ðr?’ ðyðr’ Oxdy’ Oy? 


Tespectively, noting particularly that fry means ( fz)u and fyz means ( Sy)e- 
This notation can be extended to third-order (and higher) partial derivatives 
and to functions of more variables. With the value of f at (x,y) denoted 
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second-order 
by f(x,y) and the partial derivatives denoted by fı and fo, = o si a 
partial derivatives can be denoted by fy. fir. fo, and J22, a cm erg 
can also be extended to third-order (and higher) partial derivative 
functions of more variables. 


highest common factor = greatest common divisor. 


Hilbert, David (1862-1943) Born in Germany and eventually Se 
tified with the University of Göttingen, Hilbert was one of the fonnd, pA S 
thers of twentieth-century mathematics and in many ways the ein a 
the Formalist school of mathematics that has been so dominant i a ee 
mathematics of this century. One of his fundamental contributions to a 
alism was his Foundations of Geometry, which served to put Sae S d 
proper axiomatic basis, unlike the rather more intuitive cam pane re 
Euclid. He also made a major contribution to mathematical ana! A Be. 
the International Congress of Mathematics in 1900, Hilbert opened t he >i 
century by posing his famous list of 23 problems — problems that aiir 
mathematicians busy ever since and have generated a significant amot p 
the important work of the last eighty years. Hilbert is, for these seg ae 
ten thought of as a thorough-going pure mathematician, but he was also Aa 
chairman of the famous atomic physics seminar at Göttingen that had a gres 
influence on the development of quantum theory. 


c iffer- 
homogeneous first-order diferential equation The first-order pra 
ential equation dy/dr = J(x,y) is homogeneous if the function f, 0 


əs of 
variables, has the property that f(kr,ky) = f(x,y) for all k. Examples 0 
such functions are 


z? + 3y? 
2z? — Sry’ 


lte, i 
y? 


Any such function Í can be written 
v = y/x. The method of solving homo; 
is therefore to let y = vz so that d: 
for v as a function of z that is o 


x ere 
as a function of one variable v, aH 
geneous first-order differential eae att 
y/dx = xdv/de+v. The differential equa 
btained is always separable. 


« ig ua- 
homogeneous linear differential equation See linear differential ea 
tion with constant coefficients, 


homogeneous set of linear equations 


m 
A homogeneous set of 
linear equations in n unknowns z), 


T2,..., En has the form 


91171 +a12T2 +++. 4 inza = 0; 
02171 + 02282 +-+- + ancy = 0, 


amiT1 + Amor, +--+ ümnTn = 0. 


Here, unlike the non- 


4 ides 
homogeneous case, the numbers on the right-hand si 
of the equations are 


ati n be 
all zero. In matrix notation, this set of equations ca! 
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written Ax = 0, where the unknowns form a column matrix x. Thus A is the 
m x n matrix [a;;] and 
Tı 


Tn 


If x is a solution of a homogeneous set of linear equations, then so is any 
scalar multiple kx of it. There is always the trivial solution x = 0. What 
is generally of concern is whether it has other solutions besides this one. For 
a homogeneous set consisting of the same number of equations as unknowns, 
the matrix of coefficients A is a square matrix and the set of equations has 
non-trivial solutions if and only if det A = 0. 


hyperbola A hyperbola is a conic with eccentricity greater than 1. Thus 
it is the locus of all points P such that the distance from P to a fixed point Fy 
(the focus) is equal to e (> 1) times the distance from P toa fixed line l (the 
directrix). It turns out that there is another point Fz and another line l2 
such that the same set of points would be obtained with these as focus and 
directrix. The hyperbola is also the conic section that results when a plane 
cuts a (double) cone in such a way that a section in two separate parts is 
obtained (see conic). ; i 

The line through F, and F> is the transverse axis and the poime 
Vi and V2 where it cuts the hyperbola are the vertices. The length [Vi V2] 
is the length of the transverse axis and is usually taken to be 2a. The 
midpoint of V; Vz is the centre of the hyperbola. The line through the centre 
perpendicular to the transverse axis is the conjugate axis. g 1 pinal to 
introduce b (> 0) defined by b? = a?(e? — 1), so that e? =1 +b Ja Tt may 
be convenient to consider the points (0, —b) and (0,6) on the conjugate axis, 
despite the fact that the hyperbola does not cut the conjugate axis at all. The 
two separate parts of the hyperbola are the two branches. 


By taking a coordinate system with origin at the centre of the hyper- 
bola, and z-axis along the transverse axis, the foci have coordinates (ae, 0) 
and (—ae,0), the directrices have equations £ = a/e and x = —a/e, and the 
hyperbola has equation 
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Unlike the comparable equation for an ellipse, it is not gener = > 
here that a > b. When investigating the properties of a a r A 
normal to choose this convenient coordinate system. It may be we u ain 
z=asech, y =btanð (0<0<27,0F a /2,37/2) as parametric aes = 
The alternative parametric equations t = acosht, y= usin l aan 
(see hyperbolic function) may also be used, but give only one branch 
hyperbola. f, 

R (A hyperbola with its centre at the origin zig ka bo pa a 
length 2a, along the y-axis instead has equation y?/a? — r? /b? = 1 a 
foci at (0, ae) and (0, —ae).) 

The hyperbola 


erbola 
has two asymptotes, y = (b/a)x and y = (—b/a)x. The shape of the ge SO a 
is determined by the eccentricity or, what is equivalent, by the rat E 2 a 
The particular value e = vZ is important for this gives b = a. Th 


eee salt st, is a 
asymptotes are perpendicular and the curve, which is of special interest. 
rectangular hyperbola. 


r PEET he 
hyperbolic cylinder A hyperbolic cylinder is a cylinder in which th 


> are parallel 
fixed curve is a hyperbola and the fixed line to which the generators are p Fu 
is perpendicular to the plane of the hyperbola. It is a quadric and in a suita 
coordinate system has equation 


; anh, 
hyperbolic function The hyperbolic functions are cosh, sinh, tan 
sech, cosech and coth, defined as follows: 


cosha = } (e7 + ‘e), sinh = 4 (e? — e77), 


tanhz = mir cotha = costes (£ #0), 
cosh x sinhx 
1 1 
secht = — = x #0). 
cl cate! cosech x ahs (x # 


: ‘ 2 š = acosht, 
The functions derive their name from the possibility of using z = a Cos! 


: n Ja. 
y =bsinht (te R) as parametric equations for (one branch of) a iope ay 
(The pronunciation of these functions causes difficulty. For instance, tanh! 

be pronounced as ‘tansh’ 


or ‘than’ (with the ‘th’ as in ‘thing’); and sinh = 
be pronounced as ‘shine’ or ‘sinch’. Some prefer to say ‘hyperbolic tan 3 ns 
‘hyperbolic sine’.) Many of the formulae satisfied by the hyperbolic ponia 
are similar to corresponding formulae for the trigonometric functions, 
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y=sinh x 


some changes of sign must be noted. For example: 


cosh? x = 1+sinh? x, 
sech? z = 1 — tanh? z, 
sinh(x + y) = sinha cosh y + cosh x sinh y, 
cosh(a + y) = cosh x cosh y + sinh zsinhy, 
sinh 2z = 2sinh z cosh x, 


1l 


cosh 2x = cosh? x + sinh? z. 


Since cosh(—x) = cosh and sinh(—x) = — sinh 7, cosh is an even func- 
tion and sinh is an odd function. The graphs of cosh and sinh x are shown 
above. It is instructive to sketch both of them, together with the graphs of e* 
and e~*, on the same diagram. 


Hi bi 
y=cothx 


y=tanh x 


y4 


y=cosech x 


82 hyperbolic paraboloid 
The following derivatives are easily established: 


d 


(cosh z) =sinhz, T 


(sinh z) = cosh x, (tanh) = sech? z. 


See also inverse hyperbolic function. 


hyperbolic paraboloid A hyperbolic paraboloid is a quadric whose 
equation in a suitable coordinate system is 


t P È 
3- F 


The yz-plane and the zz-plane are planes of symmetry. Sect ions by planes 
parallel to the xy-plane are hyperbolas, the section by the ay-plane itself being 
a pair of straight lines. Sections by planes parallel to the other axial pre 
are parabolas. Planes through the z-axis cut the paraboloid in parabolas with 
vertex at the origin. The origin is a saddle-point. 


hyperboloid of one sheet 


A adric 
A hyperboloid of one sheet is a quadri 
whose equation in a suitable coo: 


rdinate system is 


gy? z 
aye aah 
The axial planes are planes of s 
Parallel to the ry-plane, is an elli 
one piece or sheet. Sec 
are hyperbolas, 


ymmetry. The section by a plane ed ai = 
pse (circle if a = b). The hyperboloid is r a 
tions by planes parallel to the other two axial plane 
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hyperboloid of two sheets A hyperboloid of two sheets is a quadric 
whose equation in a suitable coordinate system is 


The axial planes are planes of symmetry. The section by a plane z = k, 
parallel to the «y-plane, is, when non-empty, an ellipse (circle ifa = b). 
When k lies between —c and c, the plane z = k has no points of intersection 
with the hyperboloid and the hyperboloid is thus in two pieces or sheets. 
Sections by planes parallel to the other two axial planes are hyperbolas. Planes 
through the z-axis cut the hyperboloid in hyperbolas with vertices at (0,0, c) 
and (0,0, -c). 


hypotenuse The hypotenuse of a right-angled triangle is the BES ORR 
site the right angle. 


i See complex number. 
icosahedron (plural: icosahedra) See polyhedron. 


identity element See neutral element. 


. * apping 
identity mapping The identity mapping on a set Ss isi the = eat 
is:S — S defined by is(s) = s for all s in S. Identity reapers 
property that if f: S => T isa mapping then f ois = f and iro f = f- 


P 5 trix, 
identity matrix Thenxn identity matrix I, or I,, is the n x n mal 


LO 0 sa i) 
O O na D 
00 2 soj, 
OOO wn 2 


P is the 
with each diagonal entry equal to 1 and all other entries equal to 0. It is 
identity element for the 


set of n x n matrices with multiplication. 


if and only if See condition, necessary and sufficient. 


image See function and mapping. 


: s n sg i inar. 
Imaginary axis In the complex plane, the y-axis is called the imaginary 
axis. Its points represent pure imaginary numbers. 


imaginary part 


j d 
A complex number z can be written x-+yi, where x and y 
are real, and then y 


is the imaginary part. It is denoted by Im z or 3z- 


implication If P and q are state 


then q’ is an implication and is de 
only in the case wi 


Pe” ‘if 
ments, the statement ‘p implies q’ oF Bad 
noted by p = q. It is reckoned = sit ie 
hen p is true and q is false. So its truth table is as follo 


YIN 
YY N|e 
Wey! 
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The statement that ‘p implies q and q implies p’ may be denoted by p + q, to 
be read as ‘p if and only if q’. 


implicit differentiation When x and y satisfy a single equation, it may 
be possible to regard this as defining y as a function of x with a suitable 
domain, even though there is no explicit formula for y. In such a case, it 
may be possible to obtain the derivative of y by a method, called implicit 
differentiation, that consists of differentiating the equation as it stands and 
making use of the chain rule. For example, if zy? + 27y% — 1 = 0, then 


dy 2 „23 ody 3 
2 23,250 + ory3 =0 
rays ty +r 3y et y 


and so, if 2ry + 3z?y? # 0, 


dy Ukeni 
dr  2ry+3r?y? 


improper integrals There are two kinds of improper integral. The 
first kind is one in which the interval of integration is infinite as, for example, 


m g 
i f(a) az. 


It is said that this integral exists, and that its value is l, i 
integral from a to X tends to a limit l as X — oo. For example, 


if the value of the 


A similar definition can be given for the improper integral from —oo to a. If 


both the integrals $ A 
f f(a) dx, ij f(x) dx, 
bee a 
exist and have values l; and lz, then it is said that the integral from —20 to co 
exists and that its value is lı +l. p . 
The second kind of improper integral is one in which the function becomes 
infinite at some point. Suppose first that the function becomes infinite at one 


of the limits of integration as, for example, in 


ua 
— dz. 
i vr 
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The function 1//Z is not bounded on the closed interval (0, 1], 50, tok 
normal way, this integral is not defined. However, the function is bounde! 
the interval [6,1], where 0 <6 <1, and 


[s Iz = 2-25. 
6 


As 6 — 0, the right-hand side tends to the limit 2. So the integral above; pad 
0 to 1, is taken, by definition, to be equal to 2; in the same way, te a 
integral can be given a value equal to the appropriate limit, if it T ae 
similar definition can be made for an integral in which the function becomes 
infinite at the upper limit. f o 

Finally, ioral in which the function becomes infinite at a = 
between the limits is dealt with as follows. It is written as the sum n sp 
integrals, where the function becomes infinite at the upper limit of the m 
and at the lower limit of the second. If both these integrals exist, the origina 
integral is said to exist and, in this way, its value can be obtained. 


i y irele the 
incentre The incentre of a triangle is the centre of the incircle of 


= F es of 
triangle. It is the point at which the three internal bisectors of the angles € 
the triangle are concurrent, 


incircle The incircle of a 


PEPENE jangle 
triangle is the circle that lies inside the triang 
and touches the three sides, 


include See subset. 
inconsistent A set of equations is inconsistent if its solution set is empty- 
increasing function 

if f(z) < f (x2) wheneve: 
increasing if f(z) < f( 


. toe. s, 4, a i al I 
A real function fis increasing in or on an ae 
T 1 and x2 are in J with z} < zə. Also, f is stric 
£2) whenever Tı < T2. 


increasing sequence 


— ; ifai < Gi+1 
A sequence @1, Q2, a3, ... is increasing if ai ie 
for all i, and strictly inc; 


reasing if a; < i41 for all i. 


indefinite integral See integral. 


index (plural: indices) Suppose that a is a real number. When the product 
axaxaxaxa is written as a°, the number 5 is called the index. When 
the index is a positive integer P, then a? means a x a x -+- x a, where there 
are p occurrences of a. It can then be shown that 

(i) a xa? = Ph, 

(ii) a” /a1 = a-a (a #0), 

(iii) (a?)7 = gra, 

(iv) (ab)? = aPbP, n 
where, in (ii), for the moment, it is required that p >q. The meaning of a 


can however be extended so that p is not restricted to being a positive ieper 
This is achieved by giving a meaning for a°, for a~? and for a™/”, where 7 
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is an integer and n is a positive integer. To ensure that (i) to (iv) hold when 
p and q are any rational numbers, it is necessary to take the following as 
definitions: 
(v) a® =1, 
(vi) a™P = 1/a? (a #0), 
(vii) a™/" = Ya™ (m an integer, n a positive integer). 


Together, (i) to (vii) form the basic rules for indices. 

The same notation is used in other contexts; for example, to define 2”, 
where z is a complex number, to define A?, where A is a square matrix, or 
to define g”, where g is an element of a multiplicative group. In such cases, 
some of the above rules may hold and others may not. 


indirect proof A theorem of the form p = q can be proved by establishing 
instead its contrapositive, by supposing 7g and showing that =p follows. Such 
a method is called an indirect proof. Another example of an indirect proof 
is the method of proof by contradiction. 


induction See mathematical induction. 
infimum (plural: infima) See bound. 


infinite product From an infinite sequence @1, @2, @3, ++» an infinite 


Product a,a2a3... can be formed and denoted by 


2 
Ie 
r=1 


Let P, be the n-th partial product, so that 


n 
Pa = Il ay. 
r=1 


If P, tends to a limit P as n — oo, then P is the value of the infinite product. 
For example, 


ah 
has the value 3, since it can be shown that Pa = (n + 1)/2n and Pa > 3- 


infinite sequence See sequence. 
infinite series See series. 
inflection = inflexion. 
inflexion See point of inflexion. 


injection = one-to-one mapping. 
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injective mapping A mapping is injective if it is one-to-one. 


integer An integer is one of the ‘whole’ numbers: saa Oy SH By dy n 
1, 2, 3, ... . The set of all integers is often denoted by Z. With the normal 
addition and multiplication, Z forms an integral domain. 


integer part For any real number z, there is a unique integer n such that 
n<x<n-+l1. This integer n is the integer part of x and is denoted by [z]- 
For example, [$] = 2 and [r] = 3, but notice that [-}] = -3. Ina computer 
language, the function INT(X) may well convert the real number X into an 
integer by truncating. If so, INT(9/4)=2 and INT(PI)=3, but INT(-9/4)=-2. 
So INT(X) agrees with [z] for x > 0 but not for x < 0. 


integral Let f be a function defined on the closed interval [a, b). a“ 
points zo, T1, T2, ..-, Zn such that a = To <2, < T2 < < In- SIn =h 
and in each subinterval [Ti, 2:41] take a point c;. Form the sum 


n=l 
D IGN Eis - 23), 
i=0 


that is, f(co)(t1 — z0) + f(c1)(z2 — Ti) +-+ + f(cn-1)(En — Zn—1)- Such @ 
sum is called a Riemann sum for f over [a,b]. Geometrically, it gives the 


sum of the areas of n rectangles and is an approximation to the area under 
the curve y = f(x) between z =a and T = b. 


The (Riemann) 
sense that needs more 
sum as n, the number 
smaller. The value of 


integral of f over [a,b] is defined to be the limit J (in a 
clarification than can be given here) of such a Riemann 


of points, increases and the size of the subintervals gets 
I is denoted by 


such as x or 4, is used in the integral. 
is intuitively 
e curve y = f(x). Such a limit does not 

[2,5] can be proved that it does if, for example, f is continuous 
on [a,b]. 


If f is continuous on (a, b] and F is defined by 


Pea) = f foa, 
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then F’(r) = f(x) for all x in [a,b], so that F is an antiderivative of f. 
Moreover, if an antiderivative ¢ of f is known, the integral 


| * pat 


can be easily evaluated: the Fundamental Theorem of Calculus gives its value 
as ġ(b) — ġ(a). Of the two integrals 


£ S(x) dz, Jro dz, 


the first, with limits, is called a definite integral and the second, which 
denotes an antiderivative of f, is an indefinite integral. 


integral calculus The subject of integral calculus arose from the prob- 
lem of trying to find the area of a region with a curved boundary. In general, 
this is calculated by a limiting process that obtains gradually better approx- 
imations to the value. The integral is defined by a limiting process based on 
an intuitive idea of the area under a curve and the fundamental discovery was 
the link that exists between this and the differential calculus. 


integral domain An integral domain is a commutative ring R with 
identity (see ring) with the additional property that 
9. For all a and b in R, ab = 0 only if a = 0 or b = 0. i 

(The axiom numbering follows on from that used for ring.) Thus an integral 
domain is a commutative ring with identity with no divisors of zero. ae 
natural example is the set Z of all integers with the usual addition and bas 
tiplication. Any field is an integral domain. Further examples of ae 
domains (these are not fields) are: the set Z{V3] of all real numbers of the 
form a+ b¥2, where a and b are integers, and the set R[x] of all polynomials 
in an indeterminate «, with real coefficients, each with the normal addition 
and multiplication. 


integral part = integer part. 


integrand In either of the integrals 


i (a) / f(x) dz, 


the expression f(x) is the integrand. 


integrating factor See linear first-order differential equations. 


integration The process of finding an antiderivative of a given rei : 
is called integration: ‘Integrate f’ means ‘Find an Po a n a 
an antiderivative may be called an indefinite integral of f and be denoted by 


[r@ dz. 
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The term ‘integration’ is also used for any method of evaluating a definite 
integral. The definite integral 
b 
[ f(z) dx 
a 


can be evaluated if an antiderivative ¢ of f can be found, because then its value 
is 6(b)—¢(a). (This is provided that a and b both belong to an interval in wü 
f is continuous.) However, for many functions f, there is no antiderivative 
expressible in terms of elementary functions, and other methods for ralia ae 
the definite integral have to be sought, one such being so-called numerica 
integration. ; , 
What ways are there then of finding an antiderivative? If the given func- 
tion can be recognized as the derivative of a familiar function, an apii 
is immediately known. Some standard integrals are also given in the Tab e 
of Integrals (Appendix 3); more extensive tables of integrals are available. 
Certain techniques of integration may also be tried, among which are the 
following: 
CHANGE OF VARIABLE. If it is possible to find a suitable function g such that 
the integrand can be written as £(9(x))g'(x), it may be possible to find an 
indefinite integral using the change of variable u = g(x); this is because 


MEOSE fiu 


a rule derived from the chain rule for differentiation. For example, in the 
integral 


Jre +1)? dz, 


+1. Then g'(£) = 2r (this can be written: ‘du = 22 dr’), 
le above with f(u) = u8, the integral equals 


Jes 1)? 2zdr = feu = ju? = 3 (x? +1)’. 


SUBSTITUTION. The rule above, 
can be written as 


let u = g(x) = 2? 
and, using the rul 


derived from the chain rule for differentiation, 


Jious Jragan. 


It is used in this form to make a 


substitution x = g(u). For example, in the 
integral 


1 
Ere. 
let x = g(u) = tanu. Then g(u) = 


sec? u (this can be written: ‘dt = 
sec? udu’), and the integral equals 


sec? u ” 1 x 
TSE RTT | ee = sinu = -= 
(1 + tan? u)3/2 ana fosu Cy = ain Vi+2? 
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INTEGRATION BY PARTS. The rule for integration by parts, 
[iredi = soe) f e, 


is derived from the rule for differentiating a product f(x)g(x), and is useful 
when the integral on the right-hand side is easier to find than the integral on 
the left. For example, in the integral 


[ veoseae, 


let f(x) = x and g'(£) = cosx. Then g(x) can be taken as sinz and f’(x) =1, 
so the method gives 


[ reoszde = 2sinz ~ f sins 1dr = ssins + cose. 


See also reduction formula and partial fractions. 
integration by parts See integration. 


intercept See straight line (in the plane). 


When the real line is being considered, the real number x 


interior point 
mbers if there is an open interval 


is an interior point of the set S of real nu 
(x — 6,2 +6), where 5 > 0, included in S. 


Intermediate Value Theorem An important property of continuous 
functions is stated in the Intermediate Value Theorem: 

THEOREM: If the real function f is continuous on the closed interval [a, b] 
and 7 is a real number between f(a) and f(b), then, for some c in (a,b), 
F) =n. 
The theorem is useful for locating roots of e! 
that f(x) = x —cosx. Then f is continuo 
f(1) > 0, and so it follows from the Interme: 
equation f(x) = 0 has a root in the interval (0, 1). 


quations. For example, suppose 
us on [0,1] and f(0) < 0 and 
diate Value Theorem that the 


interpolation Suppose that the values f(zo), F(@1) -> fen) ofa certain 
, 3n- A method of 


function f are known for the particular values To, Ti, ++- 
finding an approximation for f(z), for a given value of z, somewhere between 
these particular values, is called interpolation. If zo < x < T1, the method 


known as linear interpolation gives 


r-i 
F(a) % F(0) + ay e- J (z0))- 
an approximation, that between zo and 7; 


This is obtained by supposing, as 
ning the points (xo, f(£0)) 


the graph of the function is a straight line joi 
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and (x1, f(z1)). More complicated methods of interpolation use the values 
of the function at more than two values. 


intersection The intersection of sets A and B (subsets of a universal set) 
is the set consisting of all objects that belong to A and belong to B, and it is 
denoted by AN B (read as ‘A intersection B’). Thus the term ‘intersection 
is used for both the resulting set and the operation, a binary operation on the 
set of all subsets of a universal set. The following properties hold: 


(i) For all A, AN A = A, ANO =0. 
(ii) For all A and B, AN B = BN A; that is, N is commutative. 
(iii) For all A, B and C, (ANB)NC = AN(BNC); that is, N is 
In view of (iii), the intersection Ay N A2 N---M An of more than two sets can 
be written without brackets, and it may also be denoted by 


N: 


interval A finite interval on the real line is a subset of R defined in 
terms of end-points a and b. Since each end-point may or may not belong to 
the subset, there are four types of finite interval: 


(i) the closed interval {z | £ € R and a <z <b}, denoted by [a,b], 
(ii) the open interval {x |x ER anda < z <b}, denoted by (a,b), 
(iii) the interval {x |z €R anda <z <b}, denoted by [a, b), 
(iv) the interval {z |z €R anda < z < b}, denoted by (a, b). 
There are also four types of infinite interval: 


(v) {z|rERanda< z}, denoted by [a, o0), 

(vi) {zr|rE€Randa< z }, denoted by (a, o0), 
(vi) {w]c©eRandr<a }, denoted by (—co, a], 
(viii) {z|z€R andz< a}, denoted by (—o0, a). 


Here oo (read as ‘infinity’) and —oo (read as ‘minus infinity’) are not, of course, 
real numbers but the use of these symbols provides a convenient notation. 
If I is any of the intervals (i) to (iv), the open interval determined 


by I is (a,b); if I is (v) or (vi), it is (a,00) and, if 7 is (vii) or (viii), it is 
(—o0, a). 


inverse element Suppose that, for the binary operation o on the set 5; 


there is a neutral element e. An element a’ is an inverse (or inverse element) 
of the element a if aoa! =a'oa = e. If the operation is called multiplication, 
the neutral element is normally called the identity element and may be denoted 
by 1. Then the inverse a! may be called a multiplicative inverse of a and 
be denoted by a7, so that aa~! = a`la = 1 (or e). If the operation is 
addition, the neutral element is denoted by 0, and the inverse a’ may be 
called an additive inverse (or a negative) of a and be denoted by —a, so 
that a + (~a) = (—a) +a =0. See also group. 
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inverse function For a real function f, its inverse function f~} is to be 
a function such that if y = f(x) then z = f—'(y). The conditions under 
which such a function exists need careful consideration. Suppose that f has 
domain S$ and range T, so that f: S — T is onto. The inverse function pak. 
with domain T and range S, can be defined, provided that f is one-to-one, as 
follows. For y in T, f~!(y) is the unique element x of S such that f(x) =y. 

If the domain S is an interval J and f is strictly increasing on J or strictly 
decreasing on I, then f is certainly one-to-one. When f is differentiable, a 
sufficient condition can be given in terms of the sign of f'(x). Thus, if f 
is continuous on an interval J and differentiable in the open interval (a,b) 
determined by J (see interval), and f(x) > 0 in (a,b) (or f'(1) < 0 in (a, b)), 
then, for f (with domain 7), an inverse function exists. 

When an inverse function is required for a given function f, it may be 
necessary to restrict the domain and obtain instead the inverse function of this 
restriction of f. For example, suppose that f:R — R is defined by f(z) = 
x? — 4r +5. This function is not one-to-one. However, since f'(z) = 2x = 4, 
it can be seen that f'(x) > 0 for z > 2. Use f now to denote the function 
defined by f(x) = z? — 4a +5 with domain [2,00). The range is [1,00) and 
the function f:[2,00) — [1,00) has an inverse function £7*:[1,00) — [2,00)- 
A formula for f~! can be found by setting y = a? — 4a +5 and, remembering 
that x € [2,00), obtaining = 2+ vy — 1. So, with a change of notation, 
f(a) = 24+ /e—I for r21. 


s, the graphs y = f(z) and y = Fle) 
are reflections of each other in the line y = 7. The derivative of the inverse 
function can be found as follows. Suppose that f is differentiable and has 
inverse denoted now by g, so that if y = f(x) then « = gly). Then, if 
f'(x) #0, g is differentiable at y and 
1 1 
IO = Fay ~ FO 


When the inverse function exist: 


When f'(x) is denoted by dy/dz, then g’(y) may be denoted by dx/dy and 


the preceding result says that, if dy/dx # 0, 
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This can only safely be used if it known that the function in question has an in- 
verse. For examples, see inverse hyperbolic function and inverse trigonometric 
function. 


inverse hyperbolic function Each of the hyperbolic functions sinh and 
tanh is strictly increasing throughout the whole of its domain R, so in each case 
an inverse function exists. In the case of cosh, the function has to be restricted 
to a suitable domain (see inverse function), taken to be [0, 00). The domain of 
the inverse function is, in each case, the range of the original function (after the 
restriction of the domain, in the case of cosh). The following inverse functions 
are obtained: cosh~!: [1,00) — [0,00); sinh™!: R — R; tanh7!:(-1,1) > R. 
These functions are given by the formulae: 


cosh7! z = In (z +V2?- 1) + forz>1, 
sinh! z = In (= + Vr? + 1) » for all x, 


tanh“ z= Iny/ 2+ for -l<a<l. 


It is not so surprising that the inverse functions can be expressed in terms of 
the logarithmic function, since the original functions were defined in terms of 
the exponential function. The following derivatives can be obtained: 


d = 1 d 1 
—(cosh7! x) = 1), —(sinh™! £) = ’ 
FE ) Gai (z #1). T (sinh™* £) ari 
ETA 1 
gth z)= ro 


inverse mapping Let f: S = T be a bijection, that is, a mapping that is 


one-to-one and onto. Then a mapping, denoted by f~!, from T to S, may be 
defined as follows: for t in T, f- (t) is the unique element s of S such that 
J(s) =t. The mapping f-1:7 — S, which is also a bijection, is the inverse 
mapping of f. It has the property that fo f~! = r and f~} o f = is, where 
is and ir are the identity mappings on S and T, and o denotes composition. 


inverse matrix An inverse of a square matrix A is a matrix X such that 
AX =I and XA =I. (A matrix that is not square cannot have an inverse-) 
A Square matrix A may or may not have an inverse, but if it has then that 
inverse is unique and A is said to be invertible. A matrix is invertible if and 


only if it is non-singular. Consequently, the term ‘non 
used for ‘invertible’. 


ngular’ is sometimes 
When det A # 0, the matrix (1/det A) adj A is the inverse of A, where 


adj A is the adjoint of A. For example, the 2 x 2 matrix A below is invertible 
if ad — be # 0, and its inverse A`! is as shown: 


b = 1 d —b 
A=|* | _ 
k dj’ n ad — bc ie a | 
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inverse of a complex number If z is a non-zero complex number and 
z = £ + yi, the (multiplicative) inverse of z, denoted by 27? or 1/z, is 


ae a 
Pop Pty 


When z is written in polar form, so that z = re? = r(cos@ + isin®), where 
T #0, the inverse of z is (1/r)e~ = (1/r)(cos 8 — isin@). If z is represented 
by P in the complex plane, then 27" is represented by Q, where 2£r0Q = 
-420P and |OP|.|OQ| = 1. 


The inverse sine function sin™? is, to 
f sine, so that y = sin7) a if r = siny. 
) = 3. However, sin(57/6) = 4 also, so 
/6 or 57/6. It is necessary to avoid such 
ambiguity so it is normally agreed that the value to be taken is the one lying 
in the interval [-7/2, 7/2]. Similarly, y = tan™ © ifz= tanyand the value y 
is taken to lie in the interval (—7/2,7/2)- ‘Also, y = cos~! z if z = cosy and 


the value y is taken in the interval [0, z]. 


inverse trigonometric function 

put it briefly, the inverse function 0! 
Thus sin“? 3 = 7/6 because sin(7/6 
it might be thought that sin7* 3 = 7 
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A more advanced approach provides more explanation. The inverse func- 
tion of a trigonometric function exists only if the original function is restricted 
to a suitable domain. This can be an interval J in which the function i strictly 
increasing or strictly decreasing (see inverse function). So, to obtain an in- 
verse function for sinz, the function is restricted to a domain consisting of 
the interval [—7/2, 7/2]; tanz is restricted to the interval (—n/2, 7/2); pl 
cos{x is restricted to [0,7]. The domain of the inverse function is, in each 
case, the range of the restricted function. Hence the following inverse ETA 
tions are obtained: sin7':[—1,1] — [-7/2,7/2]; tan7!:R — (=7/2,7/2); 
cos™}: [—-1,1] — [0,7]. The notation arcsin, arctan and arccos, for sin™’, 
tan! and cos}, is also used. The following derivatives can be obtained: 


J (sin-2) = z (z # £1), (cos! z= (z # +1), 
1 
g tan =) =a 


invertible matrix See inverse matrix. 


irrational number A real number that is not rational is irrational. A 
famous proof, sometimes attributed to Pythagoras, shows that 2 is irrational. 
The same method shows that numbers such as V3 and v7 are also irrational. 
It follows that numbers like 1 + V2 and 1/(1 + V2) are irrational. The proof 


that e is irrational is reasonably easy, and in 1761 Lambert showed that 7 is 
irrational. 


isometry If P and Q are points in the plane, |PQ| denotes the distance 
between P and Q. An isometry is a transformation of the plane that preserves 
the distance between points: it is a transformation with the property that, 
if P and Q are mapped to P' and Q’, then |P’Q'| = |PQ|. Examples of 
isometries are translations, rotations and reflections. It can be shown that all 
the isometries of the plane can be obtained from translations, rotations and 


reflections, by composition. Two figures are congruent if there is an isometry 
that maps one onto the other. 


isomorphic See isomorphism. 


isomorphism (of groups) Let (G, 0) and (G’, +) be groups, so that o is the 
operation on G and + is the operation on G’. An isomorphism between (G, o) 
and (G’,+) is a one-to-one onto mapping f from the set G to the set G’ such 
that, for all a and b in G, f(aob) = f(a)» f(b). This means that, if f maps a 
toa! and b to b', then f maps aob to a’ xb’. If there is an isomorphism between 
two groups, the two groups are isomorphic to each other. Two groups that 
are isomorphic to one another have essentially the same structure: the actual 
elements of one group may be quite different objects from the elements of 
the other, but the way in which they behave with respect to the operation 
is the same. For example, the group of complex numbers 1, i, -1, —i with 
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multiplication is isomorphic to the group of elements 0, 1, 2, 3 with addition 
modulo 4. 


isomorphism (of rings) Suppose that (R,+, x) and (R’,@,@) are rings. 
An isomorphism between them is a one-to-one onto mapping f from the 
set R to the set R’ such that, for all a and b in R, f(a +b) = f(a) ® f(b) 
and f(a x b) = f(a) @ f(b). If there is an isomorphism between two rings, the 
tings are isomorphic to each other and, as with isomorphic groups, the two 
have essentially the same structure. 


iteration A method uses iteration if it obtains successive approximations 
to a required value by repeating a certain procedure. Examples are fixed-point 
iteration and Newton’s method for finding a root of an equation f(x) = 0. 


sjally engineers. 
j In the notation for complex numbers, some authors, especially engineers, 
use j instead of i. 


al-Khwarizmi (about AD 800) 
the Arabic school, we derive the wo 
wa'l mugabalah gives us the word ‘ 


From the name of this mathematician 
rd ‘algorithm’. The title of his work Al-ja 
algebra’. 


A 


c 


kite A kite is a quadrilateral that has two adjacent sides of equal length 
and the other two si 


des of equal length. If the kite ABCD has AB = AD i 
CB = CD, the diagonals AC and BD are perpendicular and AC bisects BD- 


m E ey (1736-1813) With Euler, Lagrange was possibly 
Turin = ne eighteenth-century mathematicians. Although he was born in 
Re a koss en the early part of his life there, he eventually settled in Paris 
isin panne deemed to be French. Italians may think this unfair. Much of 
Rendes ; "ate ye was done in Berlin, where he was Euler's successor at the 
Fike ne is work, in common with that of most important mathematicians 
Ehismsberet tuvais the whole range of mathematics. He is probably best 
In ares asa leading figure in the development of theoretical mechanics. 
Vatlations pt was mainly responsible for the methods of the Calculus of 
A ceed an | the consequent Lagrangian method in mechanics. In ordinary 
fhe eg. theory, you have to find the value of z that minimizes, say, 
aaiye thes (x). In the basic form of the Calculus of Variations, you have to 
she wah much more difficult problent of finding the function f that minimizes 
MT i5 an integral like f, F(z, f(z), f'E) dr. A famous problem in this 
along ont ot of finding the curve joining two given points in a vertical plane 
tha & hich a particle sliding under gravity will take the least time to get from 
e upper point to the lower. 


lami ae n 5 
ina A lamina is a thin plate or sheet, normally considered to have 


uni i + . à f 
iform density but idealized as having no thickness. 


27) Luckily for him, the 


L . $ 
aplace, Pierre-Simon, Marquis de (1749-18: 
t was politically adept. He 


Tea Laplace was not born an aristocrat bu 
a i the Minister of the Interior under Napoleon (not a success) but seems 
his e on just as well with the restored monarchy. He is best known for 
RE rk on planetary motion, enshrined in his Mécanique Céleste, and for his 

amental contributions to the theory of probability. It was Laplace who 


a Newton's gravitational theory forward to the study of the whole solar 
stem. He developed the strongly deterministic view that, once you knew 
em, such as the universe, its 


th ; ot 
fut starting conditions of a closed dynamical syst 
ure development was then totally determined. Napoleon asked him where 


God fitted into all this. ‘I have no need of that hypothesis,’ replied Laplace. 


1 
atus rectum The latus rectum of a parabola is the chord through the 
parabola y? = daz, the latus 


fo 
moe and perpendicular to the axis. For the 
ctum has length da. 


Le. 
m. = least common multiple. 


leadi $ 
ding diagonal = main diagonal. 


100 least common multiple 


least common multiple For two non-zero integers a and & celine 
that is a multiple of both is a common multiple. Of all the on ey 
multiples, the least is the least common multiple (L.c.m.) bein ~~ 
by [a,b]. The l.c.m. of a and b has the property of dividing ay fa eo e 
multiple of a and b. If the prime decompositions Ka and m: oR 
l.c.m. is easily obtained: for example, if a = 168 = 23 x 3 x 7 and b = ede 
2? x 3? x 5, then the Lem. is 23 x 32 x 5 x 7 = 2520. For positive in — 
a and b, the l.c.m. is equal to ab/(a,b), where (a,b) is the greatest com 
HVISOr. i : 
: Similarly, any finite set of non-zero integers, a}, a2, -.., an has ma 
denoted by [a1,... 1an]. However, when n > 2, it is not true, in a j Si 
[ai,--.,@n] is equal to azaz +++@n/(@),...,@,), where (az, ...,@n) is the g. 


least upper bound = supremum. 


least value Let f be a real function and D a subset of its domain. — 
is a point c in D such that f(e) < f(x) for all z in D, then f(c) is the ‘Hee 
value of f in D. There may be no such point: consider, for example, S a 
the function f defined by f(x) = -1/s or the function f defined by f(x ms 
with the open interval (0,1) as D; or the function f defined by J(x) = [z] fe 
with the closed interval [0,1] as D. If the least value does exist, it may 
attained at more than one point of D. ee | 

That a continuous function on a closed interval has a least value is ee 
by the non-elementary theorem that such a function ‘attains its bounds . te 
important theorem states that a function, continuous on fa, b] and ais Š 
tiable in (a,b), attains its least value either at a local minimum (which is 
stationary point) or at an end-point of the interval. 


left and right derivative For the real function f, if 


lim $+») - f(a) 
h~=0- h 


exists, this limit is the left derivative of f at a. Similarly, if 


tim L@+4) ~ f(a) 
h—04 h 


exists, this limit is the right derivative of f at a. (See limit from the lif 
and right.) The derivative '(a) exists if and only if the left derivative and t 
right derivative of f at a exist and are equal. An example where the left + 
tight derivatives both exist but are not equal is provided by the function Hh 
where f(x) = |z] for all z. At 0, the left derivative equals —1 and the rig! 
derivative equals +1, 


left-handed system See right-handed system. 


Legendre, Adrien-Marie (1752-1833) 
maticians associated wi 
ated by the fact that th 


The famous trio of French oni 
ith the period of the French Revolution are also sate 
eir names all start with L: Lagrange, Laplace, Legene 
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Legendre was well known in the nineteenth century for his textbook of geom- 
etry — Euclid ‘done proper’, by the standards of the time. His real work was 
much more concerned with the calculus. He was responsible for the classifica- 
tion of elliptic integrals into their standard forms. Students of more advanced 
mathematics soon come across the Legendre polynomials which are among the 
most important of special functions. In an entirely different area, Legendre 
did significant work on number theory. Along with Euler, he conjectured and 
partially proved the Law of Quadratic Reciprocity. The full proof had to wait 
for Gauss. 


Leibniz, Gottfried (1646-1716) Leibniz was a famous German philoso- 
pher and polymath. In mathematics he was, with Newton, the founder of the 
calculus, He also made significant contributions to the development of sym- 
bolic logic, a lead which was not followed up until the end of the nineteenth 
century. A major international row blew up, in about 1712, over the rival 
claims of Newton and Leibniz to be the inventor of the calculus. Leibniz’s 
behaviour in this feud was honourable — unlike Newton's, and unlike his own 


with regard to Spinoza. 


Leibniz’s Theorem The following result about the n-th derivative ofa 
product is sometimes known as Leibniz’s Theorem: 
THEOREM: If h(x) = f(x)g(x) for all x, the n-th derivative of h is given 


ne) = > (p) sea) 


r=0 


by 


n en, : 
Where the coefficients ( ) are binomial coefficients. 
F. 


= r?sinz, let f(x) = 2? and g(x) = 


Fe a (8) a 
‘or example, to find A® (x), when A(x) (z) = sinz, g(x) = — coss 


sinz. Then f'(z) = 2x and f(x) = 2; and g 
and g®) (x) = — sinz. So 


8 ` 
hO (2) = x? sing + E 2a(—cosx) + G) 2(- sinx) 


= r?° sinz — 16rcosx — 56 sin T. 


length |AB| of the line segment AB, and 


nt, is equal to the distance between 
B coincide and is otherwise always 


length (of a line segment) The 
the length |AB| of the directed line-segme: 
A and B. It is equal to zero when A and 
Positive. 

length (of a sequence) See sequence. 


length (of a series) See series. 


‘ength (of a vector) See vector. 
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length of the major and minor axis See ellipse. 


as T 
limit from the left and right The statement that f(x) ponp EF 
tends to a from the left can be written: f(z) + las z — a-—. An 
of writing this is 
lim f(r) =U. 
z—a~ 


ae ore is z ber 6 > 0 
The formal definition says that this is so if, given € > 0, there is a = oti 
such that, for all x strictly between a—6 and a, f(x) lies between SBa ed 
In place of r — a—, some authors use z / a. In the same way, the 


itten: f(z) vil 
that f(z) tends to Z as x tends to a from the right can be written: f(x) 
as T = a+. Another way of writing this is 


lim f(x) =1. 
zat ses) 
g b> 
The formal definition says that this is so if, given € > 0, there is a os Ere 
tly between a and a+6, f(z) lies between iea ae 
me authors use z N, a. For example, if f (£) = 


fim f(z) =1, zim, f(x) =0. 


limit (of f(z)) The limit, 
with the Property that, as x 
closer to l. This is written 


Ling erl 
if it exists, of f(z) as x tends to a is a a 
gets closer and closer to a, f(z) gets close 


lim f(x) = 1. 
ra 
Such an understandin, 
portant to realize thai 
necessarily be defined 


is im- 
g may be adequate at an elementary level. It ia nae 
t this limit may not equal f(a); indeed, f(a) may 


At a more advanced level, the definition just given needs to be gii 
more precise: a formal statement says that f(z) can be made as PaT 

ng z to a sufficiently small neighbourhood of s N 
* Thus) it is saidi that. #(x) tends to Ivana tends 
written f(z) laser + if, given an: 


x. except 
(which depends upon €) such that, for all z, excep! 
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Then 0 is not in the domain of f. but it can be shown that 


. sine 
lim — =1. 
r-0 T 


e e above, l is a real number, but it is also possible that f(x) — +00, 
ade P Kronna formal definitions can be given: it is said that f(x) + +00 
P ( ' ei any positive number K (however large), there is a positive 
pin Care which depends upon K) such that, for all x, except possibly a itself, 
that 1/2? een a— ô and a +ô, f(x) is greater than K. It is clear, for example, 
a — +00 as r — 0. There is a similar definition for f(z) — —o0 
Gs 
~~ Serer the behaviour of f(x) as z gets indefinitely large is of interest 
a ia i it is said that F(z) = las A a if, given any positive 
ae = € f however small), there is a number X (which depends upon €) such 
ha ki la > X, f(x) lies between l— € and Ite This means that y = l isa 
i fe) al asymptote for the graph y = f(x). Similar definitions can be given 
a. —oo, and for f(x) > too as r — oo and f(r) + +00 


The limit, if it exists, of an infinite sequence a1, @2, 


limit (of a sequence) 
r and closer to l 


a e 8s number l with the property that an gets close 

as n gets indefinitely large. Such an understanding may be adequate at an 

elementary level. 

ne a more advanced level, the statement just given needs to be made 
hore precise: it is said that the sequence a1, 42; 43, +++ has the limit l if, 

given any positive number e (however small), there is a number N (which 
depends upon €) such that, for all n > N, an lies between [—« and l +e. This 


can be written: a, — l. 

The sequence 0, 3, 3, 3, 38, s for example, has the limit 1. To take 
another example, the aael 3 -}, 1, —1,... has the limit 0; since 
this is the sequence whose n-th term is (-1)"/n, this fact can be stated as: 


—1)"/n = 0. 
There are, of course, sequences that do not have a limit. These can be 


Classified into different kinds. 


(i) A formal definition says that an 
(however large), there is an intege 
that, for all n > N, an is greater t 
the sequence 1, 4, 9, 16 in which an =n“. 

(ii) There is a similar definition for an ~> —%> and an example is the 

_. Sequence —4, —5, —6, --., in which an = -n — 3. 

(iii) If a sequence does not have a limit but is bounded, such as the 
sequence —4, 2, —3, $,- in which a, = (—1)"n/(n + 1), it may 
be said to oscillate finitely- 

t the case that a, — oo or 


(iv) Ifa sequence is not bounded, but it is no à 
an — —oo (the sequence 1, 2, 1, 4, 1, 8, 1, ..- is an example), the 


sequence may be said to osc 


— oo if, given any positive number K 
r N (which depends upon K) such 
han K. For example, a, — 00 for 


jllate infinitely. 
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limit of integration In the definite integral 


Í " fled, 


fini i ation) 
the lower limit (of integration) is a and the upper limit (of integr 
is b. 


3 azas. vectors, and of 
linear algebra The topics of linear equations, matrices, vi ea andl 
the algebraic structure known as a vector space, are intimately $ 
this area of mathematics is known as linear algebra. 


linear congruence equation See congruence equation. 


i ion is a differ- 
linear differential equation A linear differential equation is a 
ential equation of the form 


= f(z) 
An(x)y (x) + an—a(2)y"- (at) 4 oe a1 (2)y'(x) + ao(x)y(a) = (2) 

Kt privatives 
where ao, a), ..., an and fÍ are given functions, and y’, ..., y™ are deriv 


a 3 $ - é ients and linear 
of y. See also linear differential equation with constant coefficients an 
first-order differential equation. 


z For simplic- 
linear differential equation with constant coefficients For simf 
ity, consider a second- 


: 3 stant 
order linear differential equation with con: 
coefficients, 1 
a 
pict + of 


Y = 
d+ Ge teu = f(x), 
where a, b and c are 


; igher-order 
given constants and f is a given function. (e am, 

equations can be treated similarly.) Suppose that f is not the zero tu 

Then the equation 


dy dy 2 
Er H +cy=0 


s 
corresponds to the non-homogeneo™ 
ected by the following result. Jisa 
G(x) is the general solution of 2 and y = tile) 1. 
then y = G(x) + yı (£) is the general solution 0} me 
ving 1 is reduced to the problem of finding the S a 
(C.F.) G(x), which is the general solution of 2, "alar 
n yı(z) of 1, usually known in this context as a partic 


THEOREM: If y = 
particular solution of L 


Thus the problem of sol 
plementary function 
particular solutio 
integral (P.I). fthe 
The com found by looking for solutions of 2 0! this 
form y = e™= uxiliary equation am?+bm+c = 0. ee i 
1 and mo, the C.F. is y = Ae™* + Be mal 
it has one (repeated) root m, the C.F. is y = (A + Br)e™*; if it has non- 
Toots a + fi, the C.F. is ¥=e*(Acos Br + Bsin pz). ne- 
The most elementary Way of obtaining a particular integral is to try poi 
thing similar in form to f(x). Thus if f(x) = e7, try, as P.I, y(x) = Pe 
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F(z) is a polynomial in z, try a polynomial of the same degree. If f(x) = cos kx 
or sin kg, try y:(x) = pcoska +qsink«. In each case, the values of the un- 
known coefficients are found by substituting the possible P.I. into the equa- 
tion 1. If f(x) is the sum of two terms, a P.I. corresponding to each may be 
found and the two added together. 

Using these methods, the general solution of y” — 3y’ + 2y = 4x + e%*, for 
example, is found to be y = Ae? + Be? +27 +3 + 3e™. 


linear equation Consider, in turn, linear equations in one, two and 
three variables. A linear equation in one variable x is an equation of the form 
T b=0. Ifa #0, this has the solution £ = —b/a. A linear equation in two 
variables z and y is an equation of the form az +by +c = 0. If a and b are not 
both zero, and « and y are taken as Cartesian coordinates in the plane, the 
equation is an equation of a straight line. A linear equation in three variables 
z, y and z is an equation of the form az +by +cz +d = 0. If a, b and c are not 
all zero, and x, y and z are taken as Cartesian coordinates in 3-dimensional 
space, the equation is an equation of a plane. See also simultaneous linear 
equations. 


linear first-order differential equation A linear first-order differ- 


ential equation is of the form 


d 

F + Pla = QA), 
T 

e method of solution is to multiply 


where P and Q are given functions. On 
factor p(z), given by 


both sides of the equation by an integrating 
ulz) = ef POA, 


This choice is made because then the left-hand side of the equation becomes 


dy 

z) a)P(x)y, 
na) + HC) (x)y 
which is the exact derivative of p(x)y, and the solution can be found by 
integration. 

a linear function is a function f such 


linear function In real analysis, u 
d b are real numbers with, 


that f(z) = ar +b for all z in R, where a an 
normally, a # 0. 


linear interpolation See interpolation. 

The branch of mathematics known as linear pro- 
g or minimizing a linear function 
and has applications in economics, 
and commerce, for example. In its 
traints determine a feasible re- 
plane. The ob, jective function 


linear programming 
Bramming is concerned with maximizin| 
Subject to a number of linear constraints, 
fown planning, management in industry, 
simplest form, with two variables, the cons 
gion, which is the interior of a polygon in the 
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to be maximized or minimized attains its maximum or minimum vale a 
vertex of the feasible region. For example, consider the problem of ree 
4x1 — 322 subject to x, — 2x2 > —4, 2x1 +322 < 13, 2-22 $4, and T1 = a 
T2 2 0. The feasible region is the interior of the polygon OABCD show m 
the figure, and the objective function 4x, — 3x2 attains its maximum valu 
of 17 at the point B with coordinates (5,1). 


linearly dependent and independent A set of vectors Uj, U2, +++ po 
is linearly independent if UW, + T2U2 +++-+2,u, = 0 holds only i 
T1 = 0,22 =0,..., 2, =0. Otherwise, the set is linearly dependent. In 3- 
dimensional space, any set of four or more vectors must be linearly dependent. 
A set of three vectors is linearly independent if and only if the three are not 
coplanar. A set of two vectors is linearly independent if and only if the two 


are not parallel or, in other words, if and only if neither is a scalar multiple of 
the other. 


linear transformation See transformation (of the plane). 


line of symmetry See symmetrical about a line. 


line segment 
line between and i 
by AB or BA. (T 


as a real number, 
‘line segment? 


If A and B are two points on a straight line, the part of = 
including A and B is a line segment. This may be denote! 
he notation AB may also be used with a different meaning, 


the measure of AB on a directed line.) Some authors use 
to mean what we call a directed line-segment. 


local maximum (plural: maxima) For a function f, a local marmon 
is a point c that has a neighbourhood at every point of which, except for C, 


F(x) < f(c). If f is differentiable at a local maximum c, then f’(c) = 0; that 
is, it is a stationary point. 


local minimum (plural: minima) For a function f, a local minimum 
is a point ¢ that has a neighbourhood at every point of which, except for c, 


f(x) > f(e). If f is differentiable at a local minimum ç, then f/(c) = 0; that 
is, it isa Stationary point. 


locus (plural: loci) A 
plane that satisfy some 
of all points that are a 
of all points equidistan: 


locus (in the plane) is the set of all points in the 
given condition or property. For example, the locus 
given distance from a fixed point is a circle; the locus 
t from two given points, A and B, is the perpendicular 
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oe of AB. If, in a given coordinate system, a locus can be expressed in 
yong { A | Av) = 0 }, the equation f(x,y) = 0 is called an equation 
9 locus (in the given coordinate system). The equation i 

represent’ the locus. a aa 


logarithm Let a be any positive number, not equal to 1. Then, for any real 
number x, the meaning of a? can be defined (see approach 1 to the exponential 
function to base a). The logarithmic function to base a, denoted by log, 
is defined as the inverse of this function. So y = log, z if and only ifc= a. 
Thus log, x is the index to which a must be raised in order to get x. Since 
any power a” of a is positive, x must be positive for log, z to be defined, 
and s0 the domain of the function log, is the set of positive real numbers. 
(See inverse function for a more detailed explanation about the domain of an 
inverse function.) The value log, x is usually called simply the logarithm 
of £ to base a. The notation log may be used when the base intended is 
understood. The following properties hold, where x, y and r are real, with 
«>Oand y > 0: 

(i) loga (zy) = log, T + loga Y- 

(ii) log, (1/2) = — log, 7- 

(iii) log, («/y) = log, £ ~ 10ga Y- 

(iv) log,(x") = r log, T- 


(v) Logarithms to different bases are related by the formula 


log, £ 
log, b` 


log, 2 = 


Logarithms to base 10 are called common logarithms. Tables of common 
logarithms were in the past used for arithmetical calculations. Logarithms to 


base e are called natural or Napierian logarithms and the notation In can be 
that the value of e has been 


used instead of loge. However, this presupposes e 
defined independently. It is preferable to define the logarithmic function In in 
quite a different way. From this, e can be defined and then the equivalence of 
In and log, proved. 

c function In must be distin- 


logarithmic function The logarithmi 
(see logarithm). Here are two 


guished from the logarithmic function to base a 


approaches: 
ue of the number € has already been obtained 


_ _ 1. Suppose that the val 
independently. Then the logarithm of x to base e can be defined and de- 
noted by log, x, and the logarithmic function In can be taken to be just this 
function loge. The problem with this approach is its reliance on a prior def- 
inition of e and the difficulty of subsequently proving some of the important 
Properties of In. k 

2. The following is more satisfactory. Let f be the function defined, 
aq t > 0, by f(t) = 1/t. Then the logarithmic function In is defined, for x > 0, 
y 


z 
1 

l z= f = dt. 

n i t 
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The intention is best appreciated in the case when T > 1, for then Ing gives = 
area under the graph of f in the interval (1, £]. This function In is erona : 
and increasing; it is differentiable and, from the fundamental relations 7 
between differentiation and integration, its derived function is the function f- 
Thus it has been established that 


Zina) = : (x > 0). 


From the definition, the followin 
are real, with z > 0 and y > 0: 
(i) In(cy) = nz +In y. 
(ii) In(1/x) = — Inz. 
(iii) In(z/y) = Ing — In y. 
(iv) In(z") =rlnz. 
With this approach, ex 
the number e defined 
identical. 


g Properties can be obtained, where «, y and T 


= ad 
P can be defined as the inverse function of In ge 
as exp1. Finally, it is shown that Inx and log, « are 


logarithmic function to basea See logarithm. 


logarithmic plotting 
monly available. One, 
standard scale on the z- 
data satisfy an equation y = bat 


ott P . are com- 
Two varieties of logarithmic graph paper are ee A 
known as semi-log or single log paper, allows 
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ë 


4 567891 20 30 40 5060 80100 
fi fi 7 
H t 


a 5 
Hi H (te 
8 


1 

+ 

o 
logarithmic scale A logarithmic scale is a method of representing num- 
bers (certainly positive and usually greater than or equal to 1) by points on a 
line as follows. Suppose that one direction along the line is taken as positive 
and that the point O is taken as origin. The number z is represented by the 
point P in such a way that OP is proportional to log £, where logarithms 
are to base 10. Thus the number 1 is represented by O; and, if the point A 
represents 10, the point B that represents 100 is such that OB = 204A. 


logarithmic spiral = equiangular spiral. 


logically equivalent Two compound statements involving the same com- 
ponents are logically equivalent if they have the same truth tables. This 
means that, for all possible truth values of the components, the resulting truth 
values of the two statements are the same. For example, the truth table for 
the statement (=p) V q can be completed as follows: 


p q =p (=p) V4 
F p F T 
T E F F 
P T T T 
F F T T 


the truth table for p > q (see impli- 


By comparing the last column here with d 
p => qare logically equivalent. 


cation), it can be seen that (=p) V g and 
loop See graph. 

lower bound See bound. 

lower limit See limit of integration. 


lower triangular matrix See triangular matrix. 


Maclaurin, Colin (1698-1746) Maclaurin was an notable Scottish ae 
matician who worked at the universities of Aberdeen and Pdirbungh: ee 
much important work on the calculus, so it is ironic that he is best — i 
Maclaurin series, which are just a special case of the already known soa 
series, which were invented by James Gregory and others. This is not a ca 


š and his 
of plagiarism. Maclaurin emphasized the series in a well-known book and 
name stuck, 


” ation, all of 
Maclaurin series (or expansion) Suppose that f is a real parc a oe 
whose derived functions f(*) (r = 1,2,...) exist in some interval containing 
It is then possible to write down the power series 


” n (n) 
TOEA PREO NO Oh em 4 


said * ; n R tant 
This is the Maclaurin series (or expansion) for f. For many importa 


ed that the Maclaurin series is convergent, either m 
nge of values of z, and that for these values the eat 
r these values it is said that the Maclaurin series 18 ° 
x). The Maclaurin series for some common inean 
t which they are valid, are given in the Table oa 
(Appendix 4). The function f, defined by f(0) = 0 and f(x) = e Pe 
ntext. It can be shown that all of its derive 

all r. Consequently, its Maclaurin 
z. This shows, perhaps contrary to 
in series for a function f is conver 
also Taylor’s Theorem. 


+ even when the Maclaur 
gent, its sum is not necessarily f(x). See 


magnitude (of a vector) 
terms of its components (wi 
in the form a = qji + aoj+ 
lal = Vay? Faz + a3?. 


te piven in 
See vector. Also, if the vector a is m k) 
th respect to the standard vectors i, j and ia 
¥ a 
ask, the magnitude of a is given by the formu 


main diagonal In the n X n matrix [aij], the entries aj,, a22, «+++ Gnn 
form the main diagonal. 


major arc See arc. 
major axis See ellipse. 


mantissa See floating-point. 
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mapping A mapping (or function) f from S to T, where S and T are 
non-empty sets, is a rule which associates, with each element of S, a unique 
element of T. The set S is the domain and T is the codomain of f. The 
phrase ‘f from S to T’ is written ‘f: S — T’. For s in S, the unique element 
of T that f associates with s is the image of s under f and is denoted by f(s). 
If F(s) = t, it is said that f maps s to t, written fist t. The subset of T 
consisting of those elements that are images of elements of S under f, that 
is, the subset {t | t = f(s), for some s in S}, is the image (or range) of f, 
denoted by f(S). For the mapping f:S — T, the subset { (s, f(s)) |s € S} 
of the Cartesian product S$ x T is the graph of f. The graph of a mapping 
has the property that, for each s in S, there is a unique element (s,¢) in the 
graph. Some authors define a mapping from S to T to be a subset of S x T 
with this property; then the image of s under this mapping is defined to be 
the unique ¢ such that (s, t) is in this subset. 


mathematical induction The method of proof ‘by mathematical in- 
duction’ is based on the following principle: 

__ THE PRINCIPLE OF MATHEMATICAL INDUCTION: Let there be associated, 
HH each positive integer n, a proposition P(n), which is either true or false. 
f 

(i) P(1) is true, 

(ii) for all k, P(k) implies P(k + 1), 
then P(n) is true for all positive integers n- 
This essentially describes a property of the positive integers; either it is ac- 
cepted as a principle that does not require proof or it is proved as a theorem 
from some agreed set of more fundamental axioms. The following are typical 
of results that can be proved by induction: 

n 
= gnin +1)(2n +1). 


1. For all positive integers n, bD 
r=1 1 
n! 


E: 
the n-th derivative of as (et aera 


2. For all positive integers n, 


cos + isin 8)" = cos nO + isinnð. 


In each case, it is clear what the proposition P(n) should be, and that (i) can 
be verified. The method by which the so-called induction step (ii) is proved 


depends upon the particular result to be established. | ; 
this. Let there be associated, with each 


A modified form of the principle is r 
integer n > Sa : m a P(n), which is either true or false. If (i) P(no) 
is true, and (ii) for all k > no, P(k) implies P(k +1), then P(n) is ee for all 
integers n > no. This may be used to prove, that 3" > n° for all 
Integers n > 4. 


3. For all positive integers n, ( 


for example, 


rectangular array of entries, that 
displayed in rows and columns. These 
t, either specified or understood. They 
} numbers or complex numbers, but 


matrix (plural: matrices) A matrix is a 


is, an arrangement with the entries 
entries are elements of some suitable se 
are often numbers, perhaps integers or rea 
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S r Ai z 
they may be, say, polynomials or other expressions. An m x n matrix has 
m rows and n columns and can be written as 


Gi G12 «+. Qin 
a21 A22 ... Gan 
Ami Am2 ... Amn 


Round brackets may be used instead of square brackets. The subscripts are 
read as though separated by comm: for example, a23 is read as ‘a, two, 
three’. The matrix above may be written in abbreviated form as {ais], where 
the number of rows and columns is understood and aj; denotes the entry im 
the i-th row and j-th column. See also addition (of matrices), multiplication 
(of matrices) and inverse matrix. 


matrix of coefficients 


For a set of m linear equations in n unknowns T1, 
r A ns 


91171 + A1272 +... + Ging, = bj, 


a21T1 +2272 +... + a2nTn = bo, 


Qm1T1 + am2T2 +... +amnTn = bm, 


the matrix of coefficients is the m x n matrix [a;;]. 


matrix of cofactors For A, a square matrix [aij], the matrix of co- 
factors is the matrix, of the same order, that is obtained by replacing each 
entry aij by its cofactor Aij. It is used to find the adjoint of A, and hence 
the inverse A}, 

maximum 


For maximum value, sce greatest value. See also local max- 
imum. 


mean The mean of the numbers aj, az, ... > ân is equal to 
a tat- tan 
See 


n 


ai is to have weight w;, the weighted mean is 
equal to 


Wid, + waz +--+ Wray 
Wy + We +--+ + wy 
The geometric mean of the positive numbers a3; = 


Given two positive numbers a and b, suppose that a < b. The arithmetic 
mean m is equal to 3(a + b) and a, m, b is an arithmetic sequence. The 
geometric mean g is equal to Vab and a, g, b is a geometric sequence. The 
arithmetic mean of 3 and 12 is 73 and the geometric mean is 6. It is a theorem 


ony ân 18 Paya! 
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of elementary algebra that, for any positive numbers a1, ..., @n, the arithmetic 
mean is greater than or equal to the geometric mean; that is, 


1 
lt +a +--+ an) > Yaia2---an- 


The harmonic mean of positive numbers @1, @2, ---, An is the number h 
such that 1/h is the arithmetic mean of 1/a1, 1/a2, ---, 1/an. Thus 
pei i 
O/a) +--+ (1/an) 


Mean Value Theorem A theorem that has very important consequences 
in differential calculus is the Mean Value Theorem: 

_ THEOREM: Let f be a function that is continuous on [a,b] and differen- 
tiable in (a,b). Then there is a number ¢ with a < c < b such that 


ro- 


The result stated in the theorem can be expressed as a statement about the 
graph of f: if A, with coordinates (a, f (a)), and B, with coordinates (b, f(b)), 
are the points of the graph corresponding to the end-points of the interval, 
there must be a point C on the graph between A and B at which the tangent 


is parallel to the chord AB. 


The theorem is normally deduced from Rolle’s Theorem, which is in fact 
the special case of the Mean Value Theorem in which f(a) = f(b). A rigorous 


proof of either theorem relies on the non-elementary result that a continuous 
function on a closed interval attains its bounds. The Mean Value Theorem 
has immediate corollaries such as the following. With appropriate conditions 
on f, (i) if f'(x) = 0 for all x, then f is a constant function; (ii) if f(z) >0 
for all x, then f is strictly increasing- The important Taylor's Theorem can 
also be seen as an extension of the Mean Value Theorem. 

s on a directed line and let AB be the 


measure L and B be two point 
et A an e two PI B is defined by 


directed line-segment from A to B. The measure A 


|AB|, if ZB is in the positive direction, 
= —|AB|, if AB is in the negative direction. 


114 median 


Suppose, for example, that a horizontal line has positive direction eee 
(like the usual z-axis). Then the definition of measure gives AB = ae 
2 units to the right of A, and AB = —2, if B is 2 units to the left of A. 

The following properties are easily deduced from the definition: 


(i) For points A and B on a directed line, AB = —BA. Ra 
(ii) For points A, B and C ona directed line, AB+BC = AC pesta b a0 
by considering the different possible relative positions of A, B and C). 


A p e mi int 
median A median of a triangle is a line through a vertex and the midpoit 


of the opposite side. The three medians are concurrent at the centroid. 


member = element. 


Mersenne prime 


A Mersenne prime is a prime of the form 2? — 1, 
where p is a prime. Th 


e number of known primes of this form keeps oo 
as they are discovered by using computers: 24 are known at present. p 


E e ime gives 
largest so far, 219937 _ 1, was announced in 1971. Each Mersenne prime gi 
rise to an even perfect number. 


midpoint Let A and B be Points in the plane with Cartesian coors 
(v1,91) and (x2,y2). Then, as a Special case of the section formulae, ie 
midpoint of AB has coordinates (3(21 +22), 2(th + y2)). For points A and 


in 3-dimensional Space, with Cartesian coordinates (£1, y1, 21) and (£2, Y2 z2), 
the midpoint of AB has coordinates 


(3(21 +29), b(n + y2), 3(21 + 22). 


If points A and B have 


Position vectors a and b, the midpoint of AB has 
Position vector (a +b). 


p rat ini ne 
minimum For minimum value see least value. See also local minimun 


minor are See are. 
minor axis See ellipse. 
mirror-image 


See reflection (of the plane). 


E £ © . at 
A Möbius band (or strip) is a continuous i 
tween any two points on it, a continuous line cal 


thout crossing an edge. Thus the band has only 


one surface and likewise only one edge. 
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modulo n, addition and multiplication The word ‘modulo’ means ‘to 
the modulus’. For any positive integer n, let S be the complete set of residues 
{0,1,2,...,n — 1}. Then addition modulo n on S is defined as follows. 
For a and b in S, take the usual sum of a and b as integers, and let r be 
the element of S to which the result is congruent (modulo n); the sum a + b 
(mod n) is equal to r. Similarly, multiplication modulo n is defined by 
taking ab (mod n) to be equal to s, where s is the element of S to which the 
usual product of a and b is congruent (modulo n). For example, addition and 
multiplication modulo 5 are given by the following tables: 


+ | ¢ 2 zg şs x l ¢ 2 2 & @ 
0 0 1 2 3 4 0 0 0 0 0 0 
1 1 2 3 4 0 1 0 1 2 3 4 
2/2 8 a 8 f alos eat 8 
3 3 4 0 1 2 3 0 3 1 4 2 
4/4 p g 2 8 g | 0 Aes) 2S ed 


modulus of a complex number (plural: moduli) If z is a complex number 
and z = z +yi, the modulus of z, denoted by |z| (read as ‘mod 2°), is equal to 
Vx? +y?. (As always, the sign v means the non-negative square root.) If z 
is represented by the point P in the complex plane, the modulus of z equals 
the distance |OP|. Thus |z| = 7, where (r,@) are the polar coordinates of P. 
If z is real, the modulus of z equals the absolute value of the real number, 80 
the two uses of the same notation | | are consistent and the term ‘modulus’ 


may be used for ‘absolute value’. 


modulus of a congruence See congruence. 


monotonic function A real function f is monotonic on or over an In 
terval J if it is either increasing on J (f(z) S f(x2) whenever T1 $ z2) 
or decreasing on I (f(21) 2 f(x2) whenever 21 < z2). Also f is strictly 
monotonic if it is either strictly increasing or strictly decreasing. 


A sequence @1, @2, 3; «+> js monotonic if it is 
decreasing (a; 2 @i+1 for all i), and 
ly increasing or strictly decreasing. 


monotonic sequence ‘ 
either increasing (a; < ai+1 for all i) or 
strictly monotonic if it is either strict! 


multiple See divides. 
multiple edges See graph. 


multiple root See root. 
multiplication modulo 7 See modulo n, addition and multiplication. 

multiplication (of complex numbers) For complex numbers Bien 22; 
given by zı = a + bi and 22 = c+ di, the preduch us celinedl by maa= 
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(ac — bd) + (ad + bc)i. In some circumstances, it may be more convenient to 
write zı and zz in polar form, so that 


ði 


z= re 7 (cos 0; + isin 6), 
z2 = ree? = ra(cos 02 + isin 02). 


Then 2122 = rirze!%+%) = rira (cos(O) + 82) + isin(0; + 42)). Thus ‘you 
multiply the moduli and add the arguments’. 


multiplication (of matrices) Suppose that matrices A and B are con- 
formable for multiplication, so that A has order m x n and B has order n x p. 
Let A = [aij] and B = [b;;]. Then (matrix) multiplication is defined by 
taking the product AB to be the m x p matrix C, where C = [c:;] and 


n 
Cig = Gib1; + aizbzj + +++ + dinbay = D air by. 


r=1 


The product AB is not defined if A and B are not conformable for multipli- 
cation. Matrix multiplication is not commutative; for example, if 


OD x 10 
N E 4) 
then AB # BA. Moreover, it is not true that AB = O implies that either 
A =O or B = O, as the same example of A and B shows. However, matrix 
multiplication is associative: A(BC) = (AB)C, and the distributive laws 
hold: A(B + C) = AB + AC and (A + B)C = AC + BC. Strictly, in each 
case, what should be said is that, if A, B and C are such that one side of the 
equation exists, so does the other side and the two sides are equal. 


multiplicative group A group in which the operation is called multiplica- 


tion, usually denoted by ‘.’ but with the product a.b normally written as ab, 
may be called a multiplicative group. 


multiplicative inverse See inverse element. 


multiplicity See root. 


mutually disjoint = pairwise disjoint. 


mutually prime = relatively prime. 


N See natural number. 
Napierian logarithm See logarithm. 
natural logarithm See logarithm. 


natural number A natural number is one of the numbers 1, 2, 3, .-+5 
some authors also include 0. The set of natural numbers is often denoted 
by N. 


negation If p is a statement, then the statement ‘not p’, denoted by =p, 
is the negation of p. It states, in some suitable wording, the opposite of p. 
For example, if p is ‘It is raining’, then =p is ‘It is not raining’; if p is ‘2 is not 
an integer’, then =p is ‘It is not the case that 2 is not an integer’ or, in other 
words, ‘2 is an integer’. If p is true then =p is false, and vice versa. So the 
truth table of ap is: = ee 


p =p 
g F 
F T 


negative See inverse element. 


negative direction See directed line- 


rix A, where A = 


negative (of a matrix) The negative of an m x n mat: 
It is denoted 


[aij], is the m x n matrix C, where C = [cij] and cij = —@ij- 
by -A. 


let AB be a directed line-segment 


negative (of a vector) Given a vector a, 
—a, is the vector represented 


representing a. The negative of a, denoted by 

by BA. The following properties hold, for all a: 
(i) a+ (-a) =(-a) +a = 0, where 0 is the zero vector. 
(ii) -(-a) =a. 

neighbourhood When considering the real li 


a number a is an open interval (a — ô, a + 6), 
at a, 


ne, a neighbourhood of the 
where 6 > 0, with its centre 


nested multiplication A polynomial f(z), such as 22° —7r?+5r+11, can 
be evaluated for x = h by calculating A? and h°, multiplying by appropriate 
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coefficients and summing the terms. But fewer operations are required if 
the polynomial is rewritten as ((2r — 7)z + 5)z + 11, and then evaluated. 
This method, known as nested multiplication, is therefore more efficient 
and is recommended when evaluation is carried out by hand or by computer. 
A polynomial asz? + ayr4 + agz° + agz? + aT + ay of degree 5 would, for 
example, be rewritten in the form ((((asz-+a4)z+a3)x+a2)r+a))r+a9. The 
steps involved in this evaluation in fact correspond exactly to the calculations 
that are made in the process of synthetic division, in which the remainder 
gives f(h). 


network A network is a digraph in which every arc is assigned a weight 
(some non-negative number). In some applications, something may be thought 
of as flowing or being transported between the vertices of a network, with the 
weight of each arc giving its ‘capacity’. In some other cases, the vertices of a 
network may represent steps in a process and the weight of the arc joining u 
and v may give the time that must elapse between step u and step v. 


neutral element An clement e is a neutral element for a binary oper- 
ation o on a set S if, for all a in S,ace=eoa=a. If the operation is called 


multiplication, a neutral element is normally called an identity element and 
may be denoted by 1. 


If the operation is called addition, such an element 
is normally denoted by 0 and is often called a zero element. However, there 
is a case for preferring the term ‘neutral element’, as there is an alternative 
definition for the term ‘zero element? (See zero element). 


Newton, Isaac (1642-1727) Born a farmer’s son in Lincolnshire, Isaac 


Newton grew to dominate and revolutionize the mathematics and physics of 
the seventeenth century. To him we owe the essentials of the calculus, the 
theory of mechanics, the law of gravity, the theory of planetary motion, the 
theory of colours, the binomial series and many important results in the theory 
of equations. Numerical analysis would be crippled without Newton’s method. 
Assertions about the relative merits of mathematicians of this calibre are al- 
ways questionable, but since both Gauss and Einstein seem to have conceded 
top position to Newton we need not argue. A morbid dislike of criticism held 
Newton back from publishing much of his work. In 1684, Edmond Halley, of 

investigate the law of attraction that 
Newton replied immediately 
worked that out many years 
Halley set to work to persuade Newton to 
eventually did in the form of his Principia, 
the long history of mathematics. Newton 
chronology and on alchemy. He was a very 
arried through a major reform of Britain’s 
currency. His tomb and monument are in Westminster Abbey: ‘Buried like a 
king,’ said Voltaire. 


would yield Kepli 
that it was the 


Newton quotient The quotient (f(a+h)— f(a))/h used to determine 
whether f is differentiable at a, and if so to find the derivative, may be called 
the Newton quotient. 
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Newton-Raphson method = Newton's method. 


Newton’s method Newton’s method is used for finding successive 
approximations to a root of an equation f(x) = 0. Suppose that zo is a 
first approximation, known to be quite close to a root. If the root is in fact 
To +h, where h is ‘small’, taking the first two terms of Taylor’s series gives 
(Toth) = f(xo)+hf'(xo). Since f(aro+h) = 0, this gives h ~ — f (x0)/f' (£0). 
Thus z4, given by 
ee f(zo) | 
f'(xo) 
is likely to be a better approximation to the root. To see the geometrical 
significance of the method, Suppose that Pg is the point (£o, f(xo)) on the 
curve y = f(x), as shown on the left below. The value z1 is given by the point 


at which the tangent to the curve at Po meets the z-axis. It may be possible 
to repeat the process to get successive approximations To, T1, £2, +--+; where 


FlEn) 


En41 = Tn — Fen) 
Pn 


These may be successively better approximations to the root as required, but 
on the right below is shown the graph of a function, with a value xo close to 
a root, for which sı and x2 do not give successively better approximations. 


*Y 
i) 


node See graph and tree. 


non-homogeneous linear differential equation See linear differential 


equation with constant coefficients. 


A non-homogeneous set 


non-homogencous set of linear equations 
, £n has the form 


of m linear equations in n unknowns 21, T2, --- 
3,01 +1212 +--+ Ann = bi, 

p12, + a22T2 + «++ Gann = ba, 

yn T1 + Am2t2 +.. - + dmntn = bm, 


where bi, bz, ..., bm are not all zero. (Compare with homogeneous set of 
linear equations.) In matrix notation, this set of equations may be written as 


120 non-singular 


Ax = b, where A is the m x n matrix [a;;] and b (# 0) and x are column 
matrices: 


by Tı 

b2 T2 
B=] > j, x= 

bm Im 


Such a set of equations may be inconsistent, have a unique solution, or have 
infinitely many solutions (see simultaneous linear equations). For a set con- 
sisting of the same number of linear equations as unknowns, the matrix of 
coefficients A is a square matrix, and the set of equations has a unique solu- 
tion, namely x = A` tb, if and only if A is invertible. 


non-singular A square matrix A is non-singular if it is not singular; 


that is, if det A # 0, where det A is the determinant of A. See also inverse 
matrix. 


norm See partition (of an interval). 


normal (to a curve) Suppose that P is a point on a curve in the plane. 
Then the normal at P 


is the line through P perpendicular to the tangent 
at P. 


normal (to a plane) 


A normal to a plane is a line perpendicular to that 
plane. A normal is perp 


endicular to any line that lies in the plane. 


normal (to a surface) See tangent plane. 
normal vector A normal vector to a plane is a vector whose direction is 


perpendicular to that plane. A normal vector is perpendicular to any vector 
whose direction lies in the plane. 


n-th derivative See higher derivative. 


n-th-order partial derivative See higher-order partial derivative. 


n=5 


n-th root of unity An n- 


that z” = 1. The n distinct n-t! 
or 


th root of unity is a complex number z such 
h roots of unity are e?2k7/n (k = 0, l.. n1), 


k I. 
eon pinn 2 (k=0,1,....n- 1). 
n n 
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They are represented in the complex plane by points that lie on the unit circle 
and are vertices of a regular n-sided polygon. The n-th roots of unity for n = 5 
and n = 6 are shown in the figure. The n-th roots of unity always include the 
real number 1 and also include the real number —1 if n is even. The non-real 
n-th roots of unity form pairs of conjugates. See also cube root of unity and 
fourth root of unity. 


n-tuple An n-tuple consists of n objects normally taken in a particular 
order, denoted, for example, by (£1, T2,- --,n)- The notion is a generalization 
of triple (£1, £2, 13) and quadruple (.r1, 72,3, T4). 


nullity The nullity of a matrix A is a number relating to the set of 
solutions of Ax = 0, the corresponding homogeneous set of linear equations: 
it can be defined as the number of parameters required when the solutions of 
the equations are expressed in terms of parameters. In other words, it is the 
number of unknowns that are free to take arbitrary values. A way of obtaining 
the solutions in terms of parameters is by transforming the matrix to one in 
reduced echelon form. There is an important connection between the nullity 
and the rank of a matrix: for an m x n matrix A, the nullity of A equals n 
minus the rank of A. 


null matrix = zero matrix. 
null sequence A null sequence is a sequence whose limit is 0. 
null set = empty set. 


number line = real line. 


Many mathematical problems, to which answers are 


ations, cannot be solved in all generality. The only 


required in practical situ i l 
way may be to use a numerical method; that is, to consider the problem in 


such a way that, from given data, a solution, or an approximation’ to one, is 
obtained essentially by numerical calculations. The subject that derives and 
analyses such methods is called numerical analysis. 


numerical analysis 


The methods of numerical integration are used 


numerical integration s 
tegrals and are useful for the following 


to find approximate values for definite in z £ 
reasons. It may be that there is no analytical method of finding an anti- 
derivative of the integrand. Possibly, such a method may exist but be very 
complicated. In another case, the integrand may not be known explicitly; it 
might be that only its values at certain points within the interval of integration 
are known. Among the elementary methods of numerical integration are the 


trapezium rule and Simpson's rule. 


numerical value = absolute value. 


objective function See linear Programming. 


oblique A pair of intersecting lines, to be taken, for example, as coordinate 
axes, are oblique if they are not (or at least not necessarily) perpendicular. 


Three concurrent lines, similarly, are oblique if they are not mutually perpen- 
dicular, 


obtuse angle An angle is obtuse if it is greater than a right angle and 


less than two right angles. An obtuse-angled triangle is one in which one 
angle is obtuse. 


octagon An octagon is an eight-sided polygon. 
octahedron (plural: octahedra) See polyhedron. 


octant In a Cartesian coordinate s 
planes divide the rest of the s 
of points { (x, y, z) |z >0, 
possibly the first, octant. 


ystem in 3-dimensional space, the axial 
pace into eight regions called octants. The set 
y > 0,z > 0} may be called the positive, or 


odd function The real function f is an odd function if f(-x) = —f(z) 
for all x (in the domain of f). Thus the graph y = f(z) of an odd function 
is symmetrical about the origin; that is, it has a half-turn symmetry about 
the origin, because whenever (x,y) lies on the graph so does (—a,—y). For 


example, f is an odd function when f(z) is defined as any of the following: 
22,25, 2? — 823 + 5r, 1/(23 — z), sinz, tan z. 


one-to-one correspondence to-one correspondence is a one- 
to-one mapping between two sets that is also onto. Thus each element of the 


one-to-one mapping A mapping f:S —> T is one-to-one if, whenever 
sı and sz are distinct elements of S, their images f(s1) and f(s) are distinct 
elements of T. So f is one-to-one if f(s,) = £(s2) implies 81 = 8. 


only if See condition, necessary and sufficient. 


onto mapping A mapping f:S — T is onto if every element of the 
codomain T is the image under f of at least one element of the domain S. So 
f is onto if the image (or range) f(S) is the whole of T. 
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open disc See disc. 
open half-plane See half-plane. 


open interval The open interval (a,b) is the set 
{z|reRanda<zr <b}. 


For open interval determined by J, see interval. 


operation An operation on a set S is a rule that associates with some 
number of elements of S a resulting element. If this resulting element is always 
also in S then S is said to be closed under the operation. An operation that 
associates with one element of S a resulting element is called a unary operation; 
and one that associates with two elements of $ a resulting element is a binary 
operation. 


ordered pair An ordered pair consists of two objects considered in a 
particular order. Thus, if a Æ 6, the ordered pair (a,b) is not the same as the 
ordered pair (b,a). See Cartesian product. 


order (of a differential equation) See differential equation. 
order (ofa group) The order of a group G is the number of elements in G. 


order (of a matrix) An m xn matrix is said to have order m x n (read as 
‘m by n’). An n x n matrix may be called a square matrix of order n. 


order (of a partial derivative) See higher-order partial derivative. 
order (of a root) See root. 


ordinary differential equation See differential equation. 


ordinate The ordinate is the y-coordinate in a Cartesian coordinate sys- 


tem in the plane. 


origin See coordinates (on a line), coordinates (in the plane) and coordi- 


nates (in 3-dimensional space). 


orthocentre The orthocentre of a triangle is the point at which the 
altitudes are concurrent. The orthocentre lies on the Euler line of the triangle. 


orthogonal curves Two curves, Or straight lines, are orthogonal if they 


intersect at right angles. 


, ete = 
orthogonal matrix A square matrix A is orthogonal if ATA = I, where 


AT is the transpose of A. The following properties hold 
(i) If A is orthogonal, A~! = AT and so AA’ =I. 
(ii) If A is orthogonal, det A = +1. 
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(iii) If A and B are orthogonal matrices of the same order, then AB is 
orthogonal. 


orthogonal vectors Two non-zero vectors are orthogonal if their direc- 


tions are perpendicular. Thus non-zero vectors a and b are orthogonal if and 
only ifa.b=0. 


orthonormal An orthonormal set of vectors is a set of mutually or- 


thogonal unit vectors. In 3-dimensional space, three mutually orthogonal unit 
vectors form an orthonormal basis. The standard orthonormal basis in a 


Cartesian coordinate system consists of the unit vectors i, j and k along the 
three coordinate axes. 


oscillate finitely and infinitely See limit (of a sequence). 


pairwise disjoint Sets Ai, A2, ---, An are said to be pairwise disjoint 
if Ai N Aj = @ for all i and j, with i # j. The term can also be applied to an 
infinite collection of sets. 


parabola A parabola is a conic with eccentricity equal to 1. Thus it is 
the locus of all points P such that the distance from P to a fixed point F (the 
focus) is equal to the distance from P to a fixed line l (the directrix). It is 
obtained as a plane section of a cone in the case when the plane is parallel to 
a generator of the cone (see conic). A line through the focus perpendicular 
to the directrix is the axis of the parabola, and the point where the axis cuts 
the parabola is the vertex. It is possible to take the vertex as origin, the axis 
of the parabola as the z-axis, the tangent at the vertex as the y-axis and the 
focus as the point (a,0). In this coordinate system, the directrix has equation 
z = —a and the parabola has equation y? = dar. When investigating the 
properties of a parabola, it is normal to choose this convenient coordinate 
system. 


Different values of a give parabolas of different sizes, but all parabolas 
are the same shape. For any value of ¢, the point (at?, 2at) satisfies y? = dar, 
and conversely any point of the parabola has coordinates (at?, 2at) for some 
value of t. Thus z = at?,y = 2at may be taken as parametric equations for 


the parabola y? = 4az. 


One important property of a parabola is this. For a point P on the 
parabola, let œ be the angle between the tangent at P and a line through P 
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parallel to the axis of the parabola, and let be the angle between the tangent 
at P and a line through P and the focus, as shown in the figure; then a = 8. 
This is the basis of the parabolic reflector: if a source of light is placed at the 
focus of a parabolic reflector, each ray of light is reflected parallel to the axis, 
so producing a parallel beam of light. 


parabolic cylinder A parabolic cylinder is a cylinder in which the fixed 
curve is a parabola and the fixed line to which the generators are parallel is 
perpendicular to the plane of the parabola. It is a quadric and in a suitable 
coordinate system has equation 


paraboloid See elliptic paraboloid and hyperbolic paraboloid. 
parallelepiped <A parallelepiped (. 


a word commonly misspelt) is a poly- 
hedron with six faces, each of which is 


a parallelogram. 


parallelogram A parallelogram is a quadrilateral in which (i) both pairs 


of opposite sides are parallel, and (ii) the lengths of opposite sides are equal. 
Either property, (i) or (ii), in fact implies the other. The area of a parallelo- 
gram equals ‘base times height’. That is to say, if one pair of parallel sides, of 
length b, are a distance h apart, the area equals bh. Alternatively, if the other 


pair of sides have length a and 8 is the angle between adjacent sides, the area 
equals absin 8. 


b 


parallelogram law See addition (of vectors). 


parameter A parameter is a variable that is to take 
thereby giving different values to certain other variables. For example, a 
parameter ¢ could be used to write the solutions of the equation 5a +4r2 = 7 


as zı = 3 — 4t, T2 = —2+5t (te R). See also parametric equations (of a 
line in space) and parametrization. 


different values, 


parametric equations (of a curve) See parametrization. 


parametric equations (of a line in Space) Given a line in 3-dimensional 
space, let (11,41, 21) be coordinates of a point on the line and l, m, n be 


direction ratios of a direction alon; 


r g the line. Then the line consists of all 
points P whose coordinates (x,y,z) are given by 


t=T; +tl, Y=y+tm, z=z +tn, 
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for some value of the parameter t. These are parametric equations for the 
line. They are most easily established by using the vector equation of the line 
and taking components. If none of l, m, n is zero, the equations can be written 


which can be considered another form of the parametric equations, or called 
the equations of the line in ‘symmetric form’. If, say, n = 0 and l and m are 
both non-zero, the equations are written 

Bay _ yy 


= b 


l m 


If, say, m = n = 0, they become y = y1, 2 = 21- 


parametrization (of a curve) A parametrization of a curve is a method 
of associating, with every value of a parameter t in some interval J (or some 
other subset of R), a point P(t) on the curve, such that every point of the 
curve corresponds to some value of t. Often this is done by giving the z- 
and y-coordinates of P as functions of t, so that the coordinates of P may 
be written as (x(t), y(t)). The equations that give x and y as functions of t 
are parametric equations for the curve. For example, x = at?, y = 2at 
(t € R) are parametric equations for the parabola y? = 4azx; and x = a cos, 
y=bsin@ (0 € [0,27)) are parametric equations for the ellipse 


2 


ee ae 
atp! 


The gradient dy/dx of the curve at any point can be found, if z'(t) # 0, from 


dy/dx = y'(t)/x'(t). 
e of being even or odd. Thus, 


parity The parity of an integer is its attribut 
whereas 


it can be said that 6 and 14 have the same parity (both are even), 
7 and 12 have opposite parity. 


a real function of n variables 7, 


partial derivative Suppose that f is 
saii IE 


T2, ..., Zn, SO that its value at a typical point is f(t1,- 


F(a. +h, 22,..-,2n) = f(a1,22)+++s2n) 
h 


tends to a limit as h — 0, this limit is the partial derivati 
point (£1,... , £n), with respect to z1; it is denoted by FUL yonay Tn) or df /Oxy 
(read as ‘partial df by dry’). For a particular function, this partial derivative 
may be found using the normal rules of differentiation, by differentiating as 


ve of f, at the 


though the function were a function of sı only and treating T2, ..., Tn as 
constants. The other partial derivatives, 
of of 


ôr Orn’ 
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are defined similarly. The partial derivatives may also be denoted by Sais 
fz, +++ fe,- For example, if f(x,y) = £y’, then the partial derivatives are 
Of /Ax, or fz, and Of /Ay, or fy; and fz = y’, h= Sry”. With the value of F 
at (x,y) denoted by f(x,y), the notation fı and fz is also used for the partial 


derivatives f+ and fy, and this can be extended to functions of more variables. 
See also higher-order partial derivative. 


partial differential equation See differential equation. 


partial differentiation Partial differentiation is the process of obtain- 
ing one of the partial derivatives of a function of more than one variable. 


The partial derivative Of /ðz; is said to be obtained from f by ‘differentiating 
partially with respect to z;’. 


partial fractions Suppose that £(x)/9(x) defines a rational function, so 


that f(x) and g(x) are polynomials, and suppose that the degree of f(x) is less 
than the degree of g(x). In general, g(x) can be factorized into a product of 
some different linear factors, each to some index, and some different irreducible 
quadratic factors, each to some index. Then the original expression f (x)/g(x) 
can be written as a sum of terms: corresponding to each (x — a)" in g(x) 
there are terms A A A 

Se ts tet E E 

z-a (r-a) (z - a)” 
and corresponding to each (ar? + br + ar 


in g(x), there are terms 


TF sh Bnat + Cn 

eee ewe ef en 
(ax? + br +c)? (ax? + br + c)" 
where the real numbers deno! 
mined. The expression ri 
fractions. The method, w. 


Byr+Cy Box + Co 
ar? + br +c 


ted here by capital letters are uniquely deter- 


(x)/9(x) is said to have been written in partial 
hich sounds com 


plicated when stated in general, as 
above, is more easily understood from examples: 
3 be, ee B 
@=e+d 2-127 
3r? +20 +1 = B c 

Coi oT ee t ei 

3r+2 ki Br+C Dr+E 
G-I +rF = trt Grete 

3r +2 B Cr+ D 


rr ee 
(e-1)?(22 +241) g E= Sees 
The values for the numbers A, B; C, ... are found by first multiplying both 
sides of the equation by the denominator g(x). In the last example, this gives 


(+241) +B? +241)4 (Cr+ D)e- A 


This has to hold for all values of T, so the coefficients of corresponding powers 
of x on the two sides can be equated, and this determines the unknowns. 


32 +2 = A(x 1) 
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In some cases, setting x equal to particular values (in this example, £ = 1) 
may determine some of the unknowns more quickly. The method of partial 
fractions is used in the integration of rational functions. 


partial product When an infinite product 


is formed from a sequence a1, a2, a3, -.-, the product aya2...a, of the first 
n terms is called the n-th partial product. 


partial sum The n-th partial sum s, of a series a} +a2 +++: is the sum 
of the first n terms; thus Sn = a; + a2 + °° + ûn. 


particle A particle is a small object considered as having mass but ide- 
alized as having no size. 


particular integral See linear differential equation with constant coefli- 
cients. 


particular solution See differential equation. 


partition (of an interval) Let [a,b] be a closed interval. A set of n+1 points 
To, T1, ..., Zn such that 


a = To < T1 < T2 < +- < En-1 ST =b 


is a partition of the interval [a,b]. A partition divides the interval into 
n subintervals [;,2;41]. The norm of the partition P is equal to the length 
of the largest subinterval and is denoted by ||P]. Such partitions are used in 
defining the Riemann integral of a function over [a,b] (see integral). 


Partition (of a set) A partition of a set S is a collection of non-empty 
subsets of § such that every element of S belongs to exactly one of the subsets 
in the collection. Thus S is the union of these subsets and any two distinct 
subsets are disjoint. Given a partition of a set S, an equivalence relation ~ 
on S can be obtained by defining a ~ b if a and b belong to the same subset 
in the partition. It is an important fact that, conversely, from any equivalence 
relation on S a partition of S can be obtained. 


Pascal, Blaise (1623-1662) Pascal is known to the world at large as the 
author of the Pensées and as a religious thinker. However, he was just as ac- 
tive as a mathematician and physicist. He did important work in hydrostatics 
(hence the unit of pressure called the pascal), and his discussions with Fer- 
mat about the de Méré problem initiated the theory of probability. Pascal’s 
triangle, the diagram for binomial coefficients, was not original to him but he 
did use it in his probability calculations. He also joined in the work on find- 
ing the areas of curved figures, work which was soon to lead to the calculus. 
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Pascal’s main contribution was to find the area of a cycloidal arch; this he did 
to take his mind off the pain of a toothache. Students of geometry may know 
of Pascal’s ‘Mystic Hexagram’. 


Pascal’s triangle Below are shown the first seven rows of the arrangement 
of numbers known as Pascal’s triangle. In general, the n-th row consists of 


the binomial coefficients E or "C,, with r = 0,1,...,n. With the numbers 
T 


apr. 
set out in this fashion, it can be seen how the number ( ) is equal to 


n n a . x 
the sum of the two numbers ( a and ( ). which are situated above it to 
"ai T 


T 6 F 
the left and right. For example, () equals 21, and is the sum of C) which 


equals 6, and G) which equals 15. 


1 5 10 10 6: l 


£ y 2i 3 55 PL7 1 


path (in a graph) Let u and v be vertices in a graph. A path from u to v 
is traced out by travelling from u to v along edges. In a precise definition, 
it is normal to insist that, in a path, no edge is used more than once and no 
vertex is visited more than once, Thus a path is defined as a sequence vg, €1; 


Vis -+3 €k, Uk Of alternately vertices and edges (where e; is an edge joining 
Uj-1 and v;), with all the edges different and all the vertices different; this is 
a path from vo to ug. 


Peano, Guiseppe (1858-1932) Peano is known for his axiomatization of 
the integers which was an importa 


nt development in the formal analysis of 
‘ordinary’ arithmetic. He was also the first person to produce examples of 
so-called space-filling curves. 


pentagon A pentagon is a five-sided polygon. 


pentagram A pentagram is the 


plane figure shown above, formed by 
joining alternate points situated at the 


vertices of a regular pentagon. 
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percentage error The percentage error is the relative error expressed 
as a percentage. When 1-9 is used as an approximation for 1-875, the relative 
error equals 0-025/1-875 (or 0-025/1-9) = 0-013, to 2 significant figures. So 
the percentage error is 1-3%, to 2 significant figures. 


perfect number An integer is called a perfect number if it is equal to the 
sum of its positive divisors (not including itself). Thus, 6 is a perfect number, 
since its positive divisors (not including itself) are 1, 2 and 3, and 1+2+3 = 6; 
so too are 28 and 496, for example. At present, there are 24 known perfect 
numbers, all even. If 2? — 1 is prime (so that it is a Mersenne prime), then 
2P-1(2P — 1) is perfect; moreover, these are the only even perfect numbers. It 
is not known if there are any odd perfect numbers; none has been found, but 
it has not been proved that one cannot exist. 


perimeter The perimeter of a plane figure is the length of its boundary. 
Thus, the perimeter of a rectangle of length Z and width W is 2L +2W. The 
perimeter of a circle is the length of its circumference. 


period, periodic If, for some value p, f(x + p) = f(x) for all x, the 
real function f is periodic and has period p. For example, cosx is periodic 
with period 27, since cos(x + 27) = cos x for all x; or, using degrees, cos 2° i$ 
periodic with period 360, since cos(x + 360)° = cos x° for all x. Some authors 
restrict the term ‘period’ to being the smallest positive value of p with this 
property. 


period (of oscillation) Suppose that « = Asin(wt +a), where A (> 0), 
w and a are constants. This may, for example, give the displacement £ ofa 
particle, moving in a straight line, at time ¢. The particle is thus oscillating 
about the origin. The period is the time taken for one complete oscillation 
and is equal to 27/w. 


permutation At an elementary level, a permutation of n objects can be 
thought of as an arrangement or a re-arrangement of the n objects. The num- 
ber of permutations of n objects is equal to n!. The number of ‘permutations of 
n objects taken r at a time’ is denoted by *P, and equals n(n—1)... (n—r+1), 
which equals n!/(n — r)!. For example, there are 12 permutations of A, B, 
C, D taken two at a time: AB, AC, AD, BA, BC, BD, CA, CB, cD, DA, 
DB, DC. Suppose that n objects are of k different kinds, with rı alike of 
one kind, rz alike of a second kind, and so on. Then the number of distinct 
Permutations of the n objects equals 


Tirol... TK! 

where r; + T2+---+rp =n. For example, the number of different anagrams 
of the word ‘CHEESES’ is 7!/3!2!, which equals 420. At a more advanced 
level, a permutation of a set X is defined as a one-to-one onto mapping 
from X to X. 
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perpendicular lines In coordinate geometry of the plane, a useful nec- 
essary and sufficient condition that two lines, with gradients my and ma, are 
perpendicular is that mımz = —1. (This is taken to include the cases when 
mı = 0 and mz is infinite, and vice versa.) 


perpendicular planes Two planes in 3-dimensional space are perpen- 


dicular if normals to the two planes are perpendicular. If ny and nọ are 
vectors normal to the planes, this is so if n.m = 0. 


phase Suppose that £ = Asin(wt + a), where A (> 0), w and a are 
constants. This may, for example, give the displacement z of 


a particle, moving 
in a straight line, 


at time t. The particle is thus oscillating about the origin. 
The constant a is the phase. Two particles oscillating like this with the same 
amplitude and period (of oscillation) but with different phases are executing 
the same motion apart from a shift in time. 


pi For circles of all sizes, the le 
length of the diameter is the same, a 
to 3-14159265 to 8 decimal places. 


ngth of the circumference divided by the 
nd this number is the value of 7. It is equal 


3 3 2 
Sometimes 7 is taken to be equal to 3%, 
but it must be emphasized that this is only an approximation. The decimal 


expansion of 7 is neither finite nor recurring, for it was shown in 1761 by 
Lambert, using continued fractions, that 7 is irrational. In 1882, Lindemann 
proved that m is transcendental. The number appears in some contexts that 
seem to have no connection with the definition relating to a circle: 


mn 
251335577 = II mi (Wallis’s Product). 
=1 


Pigeonhole Principle The following observation is known as the Pigeon- 
hole Principle: If m objects are distributed into n boxes, with m > n, then 


at least one box receives at least two objects. This can be applied in some 
obvious ways; for example, if you take any 13 people, then at least two of them 
have birthdays that fall in the same month. It also has less trivial applications. 
pivot, pivot operation Each step in Gaussian or Gauss-Jordan elimina- 
i entries aj; of the matrix equal to 1 and using 
this to produce z s i ‘olumn. This process is known as a 
pivot, of course, must be non-zero. 


planar graph 


A graph is planar if it can be drawn in such 
no twi 


a way that 
‘0 edges cross. The complete graph K4 is pl 


anar, for example, as either 
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a 


drawing of it in the figure shows. The complete graph Ks and the complete 
bipartite graph K3,3, for example, are not planar. 


plane (in Cartesian coordinates) A plane is represented by a linear equa- 
tion, in other words, by an equation of the form az + by + cz + d= 0, where 
the constants a, b and c are not all zero. Here a, b and c are direction ratios 
of a direction normal to the plane. See also vector equation of a plane. 


Platonic solid See polyhedron. 


Poincaré, Henri (1854-1912) As Hardy said, mathematical fame, once 
earned, is long-lasting. Raymond Poincaré, President of France, was Henri’s 
cousin and not vice versa. Poincaré is commonly regarded as the last mathe- 
matician to be active over the entire field of mathematics. He moved from one 
area of mathematics to another, making major contributions to most of them 
— a conqueror rather than a colonist. Within pure mathematics, Poincaré is 
seen as one of the main founders of topology and the discoverer of automorphic 
functions, In applied mathematics, he is remembered for his theoretical work 
on the qualitative aspects of celestial mechanics, which was probably the most 
important work in that area since Laplace and Lagrange. Connecting and mo- 
tivating both was his qualitative theory of differential equations. Not the least 
of Poincaré’s achievements was a stream of books, popular in both senses, on 
mathematics and science. These books are still most strongly recommended 
to any aspiring young mathematician or scientist. 5 


E- 
o 


Point of inflexion A point of inflexion is a point on a graph y F f(x) 
at which the concavity changes. Thus, there is a point of inflexion at a if, for 
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some ô > 0, f(x) exists and is positive in the open interval (a — 6,a) and 
f" (z) exists and is negative in the open interval (a,a + ô), or vice versa. 

If the change (as z increases) is from concave up to concave down, the 
graph and its tangent at the point of inflexion look like one of the cases shown 
in the first row of the figure. If the change is from concave down to concave 
up, the graph and its tangent look like one of the cases shown in the second 
row. The middle diagram in each row shows a point of inflexion that is also a 
stationary point, since the tangent is horizontal. 

If f” is continuous at a, then, for y = f(x) to hav 
at a, it is necessary that f(a) = 0, and so this is the usual method of finding 
possible points of inflexion. However, the condition f"(a) = 0 is not sufficient 
to ensure that there is a point of inflexion at a; it is necessary to show that 
f'(z) is positive to one side of a and negative to the other side. Thus if 
f(z) = 2* then f”(0) = 0; but y = zê does not have a point of inflexion at 0 
since f(z) is positive to both sides of 0. Finally, there may be a point of 


inflexion at a point where f(x) does not exist, for example at the origin on 
the curve y = 2/3 


e a point of inflexion 


polar coordinates Suppose that a point O in the plane is chosen as origin, 
and let Ox be a directed line through O, with a given unit of length. For any 
point P in the plane, let r = [OP] and let 6 be the angle (in radians) that OP 
makes with Oz, the angle being given a Positive sense anti-clockwise from Ox. 
The angle 0 satisfies 0 <8 <27. Then (r,0) are the polar coordinates 
of P. (The point O gives no corresponding value for Ø, but is simply said 
oordinates (r,0), then (r,0 + 2k7), 


may also be permitted as polar coordinates of P. 


P 


o 
Suppose that Cartesian coordin: 


x 


s ates are taken with the same origin and 
the same unit of length, with positive z-axis along the directed line Ox. Then 
the cts coordinates (x.y) of a point P can be found from (r,@), by 
T =rcos LoS sin 0. Conversely, the polar coordinates can be found from 
the Cartesian coordinates as follows: r = y/z7 + y?, and @ is such that 

fi 


sin@ = E 
Vr? +y? VI+ y? 


cosĝ = 
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(It is true that, when z # 0, 6 = tan71(y/x), but this is not sufficient to 
determine 8.) In certain circumstances, authors may allow r to be negative, 
in which case the polar coordinates (—r,@) give the same point as (7,4 + 7). 


polar equation An equation of a curve in pelar coordinates is usually 
written in the form r = f(@). Polar equations of some common curves are 
given in the following table: 


Curve | Polar equation 

circle r? +y =1 r=1 

half-line y= zr, ¢>0 0 =7/4 

line r=1 r=sec0 —}n <0< }n) 
line j=] r = cosec 0 (0<0<7) 
circle z? +y? —2ar = 0 (a > 0) r = 2acosé (-ġr <0< 37) 
circle x? +y? — 2by = 0 (b > 0) r = 2bsinð (0 <0 <7) 
cardioid See cardioid r=2a(l+cos0) (-7<0<7) 
conic See conic l/r =1+ecos@ (cosd # —1/e) 


polar form of a complex number For a complex number z, let r = |z| 
and 0 = arg z. Then z = r(cos@ + isin6), and this is the polar form of z. It 
may also be written z = re”. 


polygon A polygon is a plane figure bounded by some number of straight 
sides. This definition would include polygons like the one shown on the left 
below, but often figures of this sort are intended to be excluded and it'is 
implicitly assumed that a polygon is to be convex. Thus a (convex) polygon 
is a plane figure consisting of a finite region bounded by some finite number 
of straight lines, in the sense that the region lies entirely on one side of each 
line. The exterior angles of the polygon shown on the right below are those 
marked, and the sum of the exterior angles is always equal to 360°. The sum 
of the interior angles of an n-sided (convex) polygon equals 2n—4 right angles. 
In a regular (convex) polygon, all the sides have equal length and the interior 
angles have equal size; and the vertices lie on a circle. 


Polyhedron (plural: polyhedra) A polyhedron is a solid figure bounded 
by some number of plane polygonal faces. This definition would include the 
one shown on the left below and it may well be that figures such as this are 


136 polynomial 


to be excluded from consideration. So it is often assumed that a alee 
is convex. Thus a (convex) polyhedron is a finite region Boe Fe 
number of planes, in the sense that the region lies entirely on one side pa 
plane. Each edge of the polyhedron joins two vertices and each edge m T 
common edge of two faces. A (convex) polyhedron is regular if all its j a 
are alike and all its vertices are alike. More precisely, this means that G (ii) 
the faces are regular polygons and have the same number p of edges, aa p 

the same number q of edges meet at each vertex. (Notice that the polyhedron 


shown on the right below, with 6 triangular faces, satisfies (i) but is not regular 
because it does not satisfy (ii).) 


V 


There are five regular convex polyhedra, known as the Platonic solids: 
(i) the regular tetrahedron, with 4 triangular faces (p = 3, q = 3), 

(ii) the cube, with 6 square faces (p = 4, q = 3), 

(iii) the regular octahedron, 

(iv) the regular dodecahedr 
(v) the regular icosahedro 


with 8 triangular faces (p = 3, q = 4), ; 
on, with 12 five-sided faces (p = 5, q = 3), 
n, with 20 triangular faces (p = 3, q = 5). 
polynomial Let ao, ay, ..., an be real numbers. Then 


nT" Hanit... 4 ae + ay 

is a polynomial in + (with real coefficients). When a0, Q1, ..., An are not all 
zero, it can be assumed that an Æ 0 and the polynomial has degree n. For 
example, x? — Vx +5 and 3x44. $2? — = are polynomials of degrees 2 and 4 
respectively. The number a, is the coefficient of z" (for r = 1,2,...,n) and 
ao is the constant term. A polynomial can be denoted by f(x) (so that f 
is a polynomial function), and then f(-1), for example, denotes the value of 
the polynomial when z is replaced by —1. In the same way, it is possible to 
consider polynomials in T, Or more commonly in z, with complex coefficients, 
such as 2? + 2(1 — i)z + (15 + 6i), and the same terminology is used. 


An equation f(z) 
al equation. 


polynomial equation 


= 0, where f(z) is a polynomial, 
can be called a polynomi: 


polynomial function 
tion f defined by a formul 


x in R, where ap, a, : An are real numbers. See also polynomial; termi- 


nology applying to a polynomial is also used to apply to the corresponding 
polynomial function. 


In real analysis, a polynomial function is a func- 


a f(x) = ans" +a, ya"-l ye 4 as + ag for all 
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position ratio If A and B are two given points and P is a point on the 
line through A and B, the ratio AP : PB may be called the position ratio 
of. P. 


position vector Suppose that a point O is chosen as origin (in the plane, 
or in 3-dimensional space). Given any point P, the position vector p of the 


point P is the vector represented by the directed line-segment OP. Authors 


who call OP a vector call this the position vector of P. 
positive direction See directed line. 


post-multiplication When the product AB of matrices A and B is formed 
(see multiplication (of matrices)), A is said to be post-multiplied by B. 


power When a real number a is raised to the index p to give a?, the 
result is a power of a. The same index notation is used in other contexts, for 
example to give a power A? of a square matrix (see power (of a matrix)) or a 
power g? of an element g in a multiplicative group. When a? is formed, p is 
sometimes called the power but it is more correctly called the index to which 
a is raised. 


power (of a matrix) If A is a square matrix, then AA, AAA, AAAA,... 
are defined and these powers of A are denoted by A?, AS A‘,... . For all 
Positive integers p and q, (i) APA? = AP*4 = AAP, and (ii) (AP)? = AP’. 
By definition, A? = I. Moreover, if A is invertible, then A2 Asis. ‘are 
invertible, and it can be shown that (A71)? is the inverse of AP, that is, 
(A7!)P = (AP)! So either of these is denoted by A~?. Thus, when A is 
invertible, AP has been defined for all integers (positive, zero and negative) 
and properties (i) and (ii) above hold for all integers p and q. 


power series A series ag + az + azt? + agt? +++ + @nz" +++", in 
ascending powers of z, with coefficients ao, a1, a2, -.., is a power series 
in x. For example, the geometric series 1 +£ + r? +- +a" +--+ is a power 
series; this has a sum to infinity (see series) only if —1 < x < 1. Further 
examples of power series are given in Appendix 4. Notice that it is necessary 
to say for what values of x each series has the given sum. This is the case 
with any power series. 


power set The set of all subsets of a set S is the power set of S, denoted 
by P(S). Suppose that S has n elements ay, a2, -- : , An, and let A be a subset 
of S. For each element a; of S, there are two possibilities: either aj € A or 
not. Considering all n elements leads to 2” possibilities in all. Consequently 
S has 2" subsets, that is, P(S) has 2” elements. If S = {a,b,c}, the 8 (= 2°) 
elements of P(S) are Ø, {a}. {b}, {c}, {2,5}, {a,c}, {b,c} and {a,b,c}. 
Pre-multiplication | When the product AB of matrices A and B is formed 
(see multiplication (of matrices)), B is said to be pre-multiplied by A. 
Prime A positive integer p is a prime, or a prime number, if p# 1 and 
its only positive divisors are 1 and itself. 
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prime decomposition See Unique Factorization Theorem. 
© 


prime factorization, prime representation = prime decomposition. 


Prime Number Theorem For a positive real number z, let a(z) be the 


number of primes less than or equal to z. The Prime Number Theorem 
says that, as T — 00, 


a(x) = 
z/Inz 


In other words, for large values of x, 7(x) is approximately equal to a/inz. 


This gives, in a sense, an idea of what proportion of integers are prime. Proved 
first in 1896 by Hadamard and de la Vallée Poussin independently, all proofs 


are either extremely complicated or based on advanced mathematical ideas. 


prime to each other = relatively prime. 

primitive (n-th root of unity) An n-th root of unity z is primitive if every 
n-th root of unity is a power of z. For example, i is a primitive fourth root of 
unity but —1 is a fourth root of unity that is not primitive. 


principal axes 


A set of principal axes of a quadric is a set of axes of a 
coordinate system ii 


n which the quadric has equation in canonical form. 
Principal value See argument. 


Principle of Mathematical Induction See mathematical induction. 


prism A prism is a convex polyhedron with two faces that are congruent 


convex polygons that lie in parallel planes in such a way that, with edges join- 
ing corresponding vertices, the remaining faces are parallelograms. A right- 
regular prism is one in w 


hich the two ‘end’ faces are regular polygons and 
the remaining faces are rectangular. 


Ya «<b 


product (of complex numbers) See multiplication (of complex numbers)- 


product (of matrices) See multiplication (of matrices). 
product notation For a finite Sequence aj, 


a2, ..., dn, the product 
4142...a, may be denoted, using the capit: 


al Greek letter pi, by 


n 


II ap. 
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(The letter r used here could equally well be replaced by any other letter.) 
For example, 


i (rt) 6-4) (-3) 0-9) 


r=l 


Similarly, from an infinite sequence a1, @2, --., an infinite product ayazq3... 
can be formed and it is denoted by 


æ 
Ie- 
r=1 


This notation is also used for the value of the infinite product if it exists. For 
example: 


product rule (for differentiation) See differentiation. 
product set = Cartesian product. 
progression = finite sequence. 


Projection (of a line on a plane) Given a line / and a plane p, the locus of 
all points N in the plane p such that N is the projection on p of some point 
on lis a straight line, the projection of l on p. 


Projection (of a point on a line) Given a line / and a point P not on l, the 
projection of P on l is the point N on l such that PN is perpendicular to r 
The length |PN] is the distance from P to l. The point N is called the foot 
of the perpendicular from P to l. 


Projection (of a point on a plane) Given a plane p and a point P not in p, 
the projection of P on p is the point N in p such that PN is perpendicular 
to p. The length |PN] is the distance from P to p. The point N is called the 
foot of the perpendicular from P to p. 


projection (of a vector on a vector) See vector projection (of a vector on 
a vector). 


Proof by contradiction A direct proof of a statement q isa logically 
correct argument establishing the truth of q. A proof by contradiction 
assumes that q is false and derives the truth of some statement r and of its 
negation +r. This contradiction shows that the initial assumption cannot hold, 
hence establishing the truth of g. A more complicated example is a proof that 
‘if p then q’. A proof by contradiction assumes that p is true and that q is 
false and derives the truth of some statement r and of its negation =r. This 
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contradiction shows that the initial assumptions cannot both hold, and so a 
valid proof has been given that if p is true then q is true. 


proper subset Let A be a subset of B. Then A is a proper subset of B 
if A is not equal to B itself. Thus there is some element of B not in A. The 
subset A is then said to be properly (or strictly) included in B and this is 
written A C B. Some authors use A C B to mean A C B (see subset), but 
they then have no easy means of indicating proper inclusion. 


properly included See proper subset. 
proposition = statement. 


pure imaginary 


A complex number is pure imaginary if its real part is 
zero. 


pyramid A pyramid is a convex polyhedron with one face (the base) a 
convex polygon and all the vertices of the base joined by edges to one other 
vertex (the apex); thus the remaining faces are all triangular. A right- 
regular pyramid is one in which the base is a regular polygon and the 
remaining faces are isosceles triangles. 


Pythagoras was an early Greek philoso- 
seem to have been the first people to 
y in its own right as opposed to being 
calculation. They are credited with the 
discovery of the well-known Pythagoras’ Theorem on right-angled triangles. 
The Pythagoreans were also much involved with figurate numbers, for semi- 
philosophical reasons. It is said that they regarded whole numbers as the 


fundamental constituents of reality. This view was shattered by the discovery 
of irrational numbers. 


Pythagoras (died about 497 BC) 

pher and mystic. He and his school 
take mathematics seriously as a stud 
a collection of formulae for practical 


Pythagoras’ Theorem The most well-known theorem in geometry iS 
probably Pythagoras’ Theorem, which gives the relationship between the 
lengths of the sides of a right-angled triangle: 

THEOREM: In a right- 


angled triangle, the Square on the hypotenuse is 
equal to the sum of the squi 


ares on the other two sides. 
Thus, if the hypotenuse, the side opposite the ri, 


ight angle, has length ¢ and the 
other two sides have lengths a and b then a? 


+b? =. One elegant proof is 
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5 z > T 


obtained by dividing up a square of side a +b in two different ways as shown, 
and equating areas. 


Pythagorean triple A Pythagorean triple is a set of three positive 
integers a, b and c such that a?+b? = ¢? (see Pythagoras’ Theorem). If {a,b,c} 
is a Pythagorean triple, then so is {ka, kb, kc} for any positive integer k. 
Pythagorean triples that have greatest common divisor equal to 1 include 
the following: {3,4,5}, {5, 12,13}, {8,15,17}, {7, 24,25} and {20, 21, 29}. 


Q See rational number. 


quadrant In a Cartesian coordinate system in the plane, the axes divide 
the rest of the plane into four regions called quadrants. By convention, they 
are usually numbered as follows: the first quadrant is { (x,y) | x > 0, y > 0}, 
the second is { (z, y) | £ < 0, y > 0}, the third is {(z,y)| £ <0, y <0}, the 
fourth is { (z,y) |£ > 0, y <0}. 


quadratic equation A quadratic equation in the unknown z is an 
equation of the form az? +br +c = 0, where a, b and ¢ 
with a # 0. This may be solved 
formula 


are given real numbers, 
by completing the square or by using the 


= —b+ yb? —4ac 
a A a 
2a 7 


which is established by completing the square. If b? > 4ac, there are two 
distinct real roots; if b? = 4ac, there is a single real root (which it may be 
convenient to treat as two equal or coincident roots); and, if b? < dac, the 
equation has no real roots, but there are two complex roots: 


V4ac =b? 
2a°—* 


r= Pi 
m a 


If a and £ are the roots of the quadratic equation az? + br +c = 0, then 


a+ ß = —b/a and af = c/a. Thus a quadratic equation with given numbers 
a and f as its roots is 2? — (a + S)r+ af =0. 


quadratic function In real analysis, a quadratic function is a real 


function f such that f(r) = az? + br +c for all x in R, where a, b and c are 
real numbers, with a # 0. (In some situations, a = 0 may be permitted.) The 
graph y = f(r) of such a function is a parabola with its axis parallel to the 
y-axis, with its vertex downwards if a > 0 and upwards if a < 0. The graph 
cuts the x-axis where az? + br + c = 0, so the Points (if any) are given by the 
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roots (if real) of this quadratic equation. The position of the vertex can be 
determined by completing the square or by finding the stationary point of the 
function using differentiation. If the graph cuts the z-axis in two points, the 
x-coordinate of the vertex is midway between these two points. In this way 
the graph of the quadratic function can be sketched and information can be 
deduced. 


quadrature A method of quadrature is a numerical method that finds 
an approximation to the area of a region with a curved boundary; the area of 
the region may then be found by some kind of limiting process. 


quadric A quadric, or quadric surface, is a locus in 3-dimensional space 
that can be represented in a Cartesian coordinate system by a polynomial 
equation in x, y and z of the second degree, that is, an equation of the form 


ax? + by? + cz? + 2fyz + 2gzn + 2hry + ur + Qvy + 2wz +d = 0, 
where the constants a, b, c, f, g, h are not all zero. When the equation 


represents a non-empty locus, it can be reduced by translation and rotation 
of axes to one of the following canonical forms and hence classified: 


i E E UE @ 
(i) Ellipsoid: at i Ez 1. 
t i 
(ii) Hyperboloid of one sheet: y a = 
b' c 
ai 
(iii) Hyperboloid of two sheets: = + Ua | 
a ae) 
m2 y? 2 


(iv) Elliptic paraboloid: ate 


(v) Hyperbolic paraboloid: Z - 
a 
7 2 p 2 
vi dri 5 See eee 
(vi) Quadric cone: a + p72 
m n z? 
(vii) Elliptic cylinder: sae 
a 
3 gf 
(viii) Hyperbolic cylinder: = ail mi 
a b2 
z? dy 


(ix) Parabolic cylinder: — = =. 
a? b 


; at og en | eee ) 
(x) Pair of non-parallel planes: 2-8 (that is, y = Tor s 


= 1 (that is, 2 = +a). 


(xi) Pair of parallel planes: 
m 2 
(xii) Plane: =z =0 (that is, x = 0). 
a 


see ia 
(xiii) Line: = 4+ E = 0 (that is, £ = y = 0). 
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2 2 2 
n T y z r Eon a 
(xiv) Point: 2 + pt ei 0 (that is, r = y = 2 = 0). 

Forms (i), (ii), (iii), (iv) and (v) are the non-degenerate quadrics. 
quadric cone A quadric cone is a quadric whose equation in a suitable 
coordinate system is 

2 
=z y 2 
me ee 


Sections by planes parallel to the xy-plane are ellipses (circles if a = b), and 
sections by planes parallel to the other axial planes are hyperbolas. 


quadrilateral A quadrilateral is a polygon with four sides. 


quantifier The two expressions ‘For all...’ and ‘There exists ...’ are 


as ‘For all x’ or ‘There exists x” m: y stand 
a symbol x and thereby create a statement 
true or false. There are different ways in 
‘For all x’, but it is sometimes useful to 
lar form. This is known as a universal 
as ‘Vr’. Similarly, ‘There exists 2” may 
ce any phrase with this meaning, and is 
n symbols as ‘3z’, 

‘If x is any number greater than 3 then 7 
mber satisfying z? = 2’, can be written A 
xT, if x is greater than 3 then x is positive > 
is real and z? = 2", These can be written, 
atical logic, as: (Vx)(r > 3 > x > 0), and 


an existential quantifier, written ir 

For example, the statements, 
is positive’ and ‘There is a real nu 
the more standard form: ‘For all 
and ‘There exists x such that z 
using the symbols of mathem 
(Ar)(x# ER A x? =2). 


quartic equation, quartic polynomial A quartic polynomial is @ 
polynomial of degree four; a quartic equation is a polynomial equation of 
degree four. 
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quintic equation, quintic polynomial A quintic polynomial is a 
polynomial of degree five; a quintic equation is a polynomial equation of 
degree five. 


quotient rule (for differentiation) See differentiation. 


quotient See Division Algorithm. 


R See real number. 
radian In elementary work, angles are measured in degrees, where one rev- 
olution measures 360°. In more advanced work, it is essential that angles are 
measured differently. Suppose that a circle centre O meets two lines through oO 
at A and B. Take the length of are AB divided by the length of OA. This 
value is independent of the radius of the circle and depends only upon the siz 
of ZAOB. So the value is called the size of ZAOB, measured in radians. 


Se 


The angle measures 1 radian w] 
length of OA. * This happens when 
lradian = 57-296° = 57°17'45"" 
circumference of a circle of radius r 
Consequently, z° 


hen the length of the arc AB equals the 
¿AOB is about 57°. More accurately, 
> approximately. Since the length of the 
is 27r, one revolution measures 27 radians. 
= 72/180 radians. In much theoretical work, particularly 
essential. When trigonometric functions 
it is essential to be sure that the correct 


involving calculus, radian measure is 
are evaluated with a calculator, 
measure is being used. 


n. For the circles with equations, 
+? +2900 + 2foy + c2 = 0, the radical 


axis has equation 2(g; — g)a + (fi — fay + (eq — c2) = 0. 
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radius (plural: radii) See circle. 


radius vector Suppose that a point O is taken as origin in the plane. If 
a point P in the plane has position vector p, then p may also be called the 
radius vector, particularly when P is a typical point on a certain curve or 
when P is thought of as a point moving in the plane. 


range See function and mapping. 


rank Let A be an m xn matrix. The column rank of A is the largest 
number of elements in a linearly independent set of columns of A. The row 
rank of A is the largest number of elements in a linearly independent set of 
rows of A, It can be shown that elementary row operations on a matrix do 
not change the column rank or the row rank. Consequently, the column rank 
and row rank of A are equal, both being equal to the number of non-zero rows 
in the matrix in reduced echelon form to which A can be transformed. This 
common value is the rank of A. It can also be shown that the rank of A is 
equal to the number of rows and columns in the largest square submatrix of A 
that has non-zero determinant. An n x n matrix is invertible if and only if it 
has rank n, 


rate of change Suppose that the quantity y is a function of the quantity Ze 
so that y = f(x). If f is differentiable, the rate of change of y with respect 
to a is the derivative dy/dx or f'(x). The rate of change is often with respect 
to time ¢. Suppose, now, that z denotes the displacement ofa particle, at 
time £, on a directed line with origin O. Then the velocity i5 diyat or &, the 
rate of change of x with respect to £, and the acceleration is dx /dt? or #, the 
rate of change of the velocity with respect to t. 


rational function In real analysis, a rational function is a real function f 
such that, for x in the domain, f(x) = g()/h(x), where g(x) and h(x) are 
Polynomials, which may be assumed to have no common factor of deeree 
greater than or equal to 1. The domain is usually taken to be the whole of R, 
with any zeros of the denominator A(x) omitted. 


rational number A rational number is a number that can be written 


in the form a/b, where a and b are integers, with b # 0. The set of ra tee 
numbers is usually denoted by Q. A real number is rational if and only if, ye s 
expressed as a decimal, it has a finite or recurring expansion. For example, 


E 
=1-25, = 0-6. Re 2-857142. 


A famous proof, attributed to Pythagoras, shows that ¥2 is not rational, and 
€ and 7 are also known to be irrational. x 

The same rational number can be expressed as a/b in different ways} D 
example, 3 = $ = =i. In fact, a/b = c/d if and only if ad = be. But a rational 
number can be expressed uniquely as a/b if it is insisted that a and b have 
greatest common divisor 1 and that b > 0. Accepting the different forms for 
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the same rational number, the explicit rules for addition and multiplication 
t 
Gii a c_ ad+be ač _ ac 


bid bdd °? bd d 
The set of rational numbers is closed under addition, subtraction, multiplica- 
tion and division (not allowing division by zero). Indeed, all the axioms for a 
field can be seen to hold. 

A more rigorous approach sets up the field Q of rational numbers as fol- 
lows. Consider the set of all ordered pairs (a,b), where a and b are integers, 
with b # 0. Introduce an equivalence relation ~ on this set, by defining: 
(a,b) ~ (c,d) if ad = bc, and let [(a,b)] be the equivalence class contain- 
ing (a,b). The intuitive approach above suggests that addition and multipli- 
cation between equivalence classes should be defined by 


((a,6)] + [(c,d)] = [(ad +bc,bd)], (a, b)]{(c, d)] = [(ac, bd)], 
where it is necessary, in each case, to verify that the class on the right-hand 
side is independent of the choice of elements (a,b) and (c,d) taken an rep- 
resentatives of the equivalence classes on the left-hand side. It can then be 
shown that the set of equivalence classes, with this addition and multiplica- 


tion, form a field Q, whose elements, according to this approach, are called 
rational numbers. 


real axis In the complex plane, the z- 


axis is called the real axis; its points 
represent the real numbers, 


a function from the set R of real 
S, for every real number x in the 
) is defined. In analysis, a function 
ula for f (xr), without specifying the 
it is usual to assume that the domain 
- For example, if f(r) = 1/(x — 2), the 


e R \ {2}, that is, the set of all real numbers not 
equal to 2; if f(x) = 9 —z?, the domain would be the closed interval [-3, 3]: 


real line On a horizontal Straight line, choose a point O as origin, and à 
point A, to the right of O, such that [OA] is equal to 1 unit. Each positive 
real number x can be represented by a point on the line to the right of O. 
whose distance from O equals z units, and each negative number by a point 
on the line to the left of O. The origin represents zero, The line is called the 
real line when its points are taken in this way to represent the real numbers- 


real number The numbers gene 
work and in everyday life are 
points of a line, with the inte; 
number b to the right of the re; 
usually denoted by R. It cont 


tally used in mathematics, in scientific 
the real numbers. They can be pictured as 
gers equally spaced along the line and a eal 
al number a if a < b, The set of real numbers 15 
ains such numbers as 0, 4, —2, 4-75, V2 and 7- 
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-3 -2 -1 


Indeed, R contains all the rational numbers but also numbers such as V2 and 7 
that are irrational. Every real number has an expression as an infinite decimal. 

The set of real numbers, with the familiar addition and multiplication, 
form a field and, since there is a notion of ‘less than’ that satisfies certain basic 
axioms, R is called an ‘ordered’ field. However, a statement of a complete set 
of axioms that characterize R will not be attempted here. There are too a 
number of rigorous approaches that, assuming the existence of the field Q 
of rational numbers, construct a system of real numbers with the required 
properties, 


real part A complex number z may be written x + yi, where £ and y are 
real, and then z is the real part of z. It is denoted by Rez or Rz. 


reciprocal The multiplicative inverse of a quantity may, when the oper- 
ation of multiplication is commutative, be called its reciprocal. Thus the 


reciprocal of 2 is 3, the reciprocal of 3a +4 is 1/(3" + 4) and the reciprocal 


of sinz is 1/sinz. 
reciprocal rule (for differentiation) See differentiation. 
rectangular coordinate system See coordinates (in the plane). 


ya 


aya 


Ss 


asymptotes are perpendicular 


rectangular hyperbol: A hyperbola whose x 
ft Shas te he centre and the coordinate 


isa rectangular hyperbola. With the origin at t 
T-axis ae the ba sean axis, it has equation z? — y? =a’, Instead, the 
Coordinate axes can be taken along the asymptotes in such a way that the two 
branches of the hyperbola are in the first and third quadrants. This coordinate 
system can be obtained from the other by a rotation of axes. The rectangular 
hyperbola then has equation of the form zy = c?. For example, y = 1/z is a 
rectangular hyperbola. For zy = ¢?, it is customary to take c > 0 and to use, 
as parametric equations, x = ct, y=c/t (t# 0). 
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recurring decimal See decimal. 


reduced echelon form Suppose that a row of a matrix is called zero if 
all its entries are zero. Then a matrix is in reduced echelon form if 
(i) all the zero rows come below the non-zero rows, re 
(ii) the first non-zero entry in each non-zero row is 1 and occurs in 
column to the right of the leading 1 in the row above, 


(iii) the leading 1 in each non-zero row is the only non-zero entry in the 
column that it is in. 


(If (i) and (ii) hold, the matrix is in echelon form.) For example, these two 
matrices are in reduced echelon form: 


1600 2 10st 42 2 
0 0 1i 0 -3f, 012 -3 5 
O80" 6). 5 oo o 


Any matrix can be transformed to a matrix in reduced echelon form using 
elementary row operations, by a method known as Gauss-Jordan elimination. 
For any matrix, the reduced echelon form to which it can be transformed 1s 
unique. The solutions of a set of linear equations can be immediately obtained 
from the reduced echelon form to which the augmented matrix has been trans- 


formed. A set of linear equations is said to be in reduced echelon form if its 
augmented matrix is in reduced echelon form. 


reduced set of residues 
integers, less than n, 
function). A reduced 


For a positive integer n, the number of positive 
relatively prime to n, is denoted by ¢(n) (see Euler's 
set of residues modulo n is a set of (n) integers, one 
congruent (modulo n) to each of the positive integers less than n, relatively 
ya ton. Thus {1,5,7, 11} is a reduced set of residues modulo 12, and so 
is {1,—1,5, —5}. 


reduction formula Let In 
integer n (> 0). It may be possil 
ing J, in terms of some of the 
a reduction formula and car 
of n. The method is useful in i 


be some quantity that is dependent upon the 
ble to establish some general formula, express- 
quantities I,1, In-2, ... . Such a formula is 
n be used to evaluate In for a particular value 
ntegration. For example, if 


x/2 
h= [ sin" zdr, 
0 


it can be shown, by integration by parts, that In =((n-1)/n)In-2 (nZ 2). 
It is easy to see that Ih = 


= 7/2, and then the reduction formula can be used, 
for example, to find that 


reflection (of the plane) 


Let l be a line in the plane. Then the mirror- 
image of a point P is the p 


oint P’ such that PP’ js perpendicular to l and 
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l cuts PP’ at its midpoint. The reflection of the plane in the line is the 
transformation of the plane that maps each point P to its mirror-image Tes 
Suppose that the line l passes through the origin O and makes an angle a 
with the z-axis. If P has polar coordinates (r,9), its mirror-image P' has 
polar coordinates (r, 2c — 0). In terms of Cartesian coordinates, reflection in 
the line maps P with coordinates (x, y) to P’ with coordinates (x’,y'), where 


a’ = xcos2a + ysin2a, 
y' = asin 2a — y cos 2a. 


eee relation A binary relation ~ on a set § is reflexive if a ~ a for 
alla in S. 


regular graph A graph is regular if all its vertices have the same degree. 
It is r-regular or regular of degree r if every vertex has degree r. 


regular polygon See polygon. 
regular polyhedron See polyhedron. 


relation A relation on a set S is usually a binary relation on S, though 
the notion can be extended to involve more than two elements. An example 
of a ternary relation, involving three elements, is ‘a lies between b and c’, 
where a, b and ¢ are real numbers. 


A is included in the set B, the difference 


relative complement If the set 
e complement of A 


set B\ A is the (relative) complement of A in B, or th 
relative to B. 


relative error. Let x be an approximation to a value X and let X =ax+e. 
The relative error is le/X|. When 1-9 is used as an approximation for 1-875, 
the relative error equals 0-025/1-875 = 0-013, to 3 decimal places. (This may 
be expressed as a percentage error of 1-3%.) Notice, in this example, that 
0-025/1-9 = 0.013, to 3 decimal places, too. In general, when e is small, it 
does not make much difference if the relative error is taken as |e/z|, instead 
of |e/X|; this has to be done if the exact value is not known but only the 
approximation. The relative error may be a more helpful figure than the 
absolute error. An absolute error of 0-025 in a value of 1-9, as above, may be 
acceptable. But the same absolute error in a value of 0-2, say, would give a 
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relative error of 0-025/0-2 = 0-125 (a percentage error of 123%), which would 
probably be considered quite serious. 


relatively prime Integers a and b are relatively prime if their ce 
common divisor is 1. Similarly, any number of integers a), a2, ..., Qn ar 
relatively prime if their g.c.d. is 1. 


Remainder Theorem The following result about polynomials is called 
the Remainder Theorem: 


THEOREM: If a polynomial f(z) is divided by z — h, then the remainder 
is equal to f(h). 
It is proved as follows. Divide the polynomial f(x) by a —h to get a ae 
tient q(x) and a remainder which will be a constant r. This means 
f(x) = (z — h)g(z) +r. Replacing x by h in this equation gives r = f(h), 


proving the theorem. An important consequence of the Remainder Theorem 
is the Factor Theorem. 


repeated root See root. 
repeating decimal See decimal. 
representation (of a vector) 


= 
When the directed line-segment AB repre- 
sents the vector a, then AB is a representation of a. 


. P . . e 
representative Given an equivalence relation on a set, any one of iio 
equivalence classes can be specified by giving one of the elements in it. The 


particular element a used can be called a representative of the class and the 
class can be denoted by [a]. 


residue class (modulo n) 
alence classes for the equival 
integers are in the same cl 


The residue classes modulo n are the equiv- 
ence relation of congruence modulo n. So, owe 
lass if they have the same remainder upon division 
by n. If [a] denotes the residue class modulo n containing a, the residue classes 


modulo n can be taken as (0), (1), [2], ..., [n— 1]. The sum and product of 
residue classes can be defined by 


l+ b= fato], faj] = fat), 
where it is necessary to sh 
which representatives a 
and multiplication, the 
ring (in fact, a commut 
has divisors of zero, bu 


ow that the definitions here do not depend nnan 
and b are chosen for the two classes. With this addition 
set, denoted by Zn, of residue classes modulo n forms @ 
ative ring with identity). If n is composite, the ring Zn 
t when p is prime Zp is a field. 


restriction (of mapping) A mapping g:S; — T, is a restriction of the 
mapping f:S + T if Sı C S, Tı C T and g(s,) = J(s1) for all sı in Sr 
Thus a restriction is obtained by taking, perhaps, a subset of the domain 
or codomain or both, but otherwise following the same rule for defining the 
mapping. 
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rhombus A rhombus is a quadrilateral all of whose sides have the same 
length. A rhombus is both a kite and a parallelogram. 


Riemann, Bernhard (1826-1866) The German mathematician Riemann 
was a major figure in nineteenth-century mathematics. In many ways, he was 
the intellectual successor of Gauss. He is remembered for the Cauchy-Riemann 
equations, Riemann surfaces, Riemannian geometry, Riemann’s differential 
equation, the Riemann integral, the Riemann zeta function and the Riemann 
hypothesis. These make up a major body of work. In geometry, Riemann 
started the development of those tools that Einstein would eventually use 
to describe the universe and that the twentieth century would turn into the 
theory of manifolds. His basic geometrical ideas were presented in his famous 
inaugural lecture to the faculty at Gottingen. The audience included Gauss 
himself, then in the last year of his long life. Riemann did much significant 
work in analysis, at a time when the subject was gaining precision after the 
formal orgies of the eighteenth century. He is known to many mathematics 
students for his definition of the integral. He left mathematics one of its 
outstanding problems in the Riemann hypothesis: that the Riemann zeta 


function has all its complex zeros on the line Rz = 3. If proved, this would 


tell us a lot about the distribution of the prime numbers and would be one of 
the most remarkable interactions of analysis and arithmetic. 


Riemann integral, Riemann sum See integral. 


right angle A right angle is a quarter of a complete revolution. It is 


equal to 90° or 7/2 radians. 
right-circular See cone and cylinder. 


right derivative See left, and right, derivative. 


Let Ox, Oy and Oz be three mutually perpendic- 


ular directed lines, intersecting at the point O. In the order Ox, Oy, Oz, 
they form a right-handed system if a persen standing with his head in the 
Positive z-direction and facing the positive y-direction would have the positive 
z-direction to his right. Putting it another way, when seen from a position 
facing the positive z-direction, a rotation from the positive x-direction to the 
Positive y-direction passes through a right angle clockwise. Following the nor- 
mal practice, the figures in this book that use a Cartesian coordinate system 
for 3-dimensional space have Ox, Oy and Oz forming 4 right-handed system. 

The three directed lines Ox, Oy and Oz (in that order) form a left- 
handed system if, taken in the order Oy, OT, Oz, they form a right-handed 
system. If the direction of any one of three lines of a right-handed system is 
reversed, the three directed lines form a left-handed system. : 

Similarly, an ordered set of three oblique directed lines may be described 
as forming a right- or left-handed system. Three vectors, in a given order, 
form a right- or left-handed system if directed line-segments representing them 
define directed lines that do so. 


right-handed system 
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right-regular See prism and pyramid. 


ring Sets of entities with two operations, often called ce rin 
tiplication, occur in different situations in mathematics and ERUR by 
many of the same properties. It is useful to recognize these 8 i me 
identifying certain of the common characteristics. One such set X nem = 
is specified in the definition of a ring: a ring is a set R, closed un 


Ki A fa BUCH 
operations called addition and multiplication, denoted in the usual way, suc 
that 


as for all a, b and c in R, a + (b+ c) = (a +b) + c, 

2. for all a and b in R,a+b=b+a, . 

3. there is an element 0 in R such that a +0 =a for all a in R, ü 

4. for each a in R, there is an element —a in R such that a + (~a) = 0, 

5. for all a, b and c in R, a(bc) = (ab)c, 

6. for all a, b and c in R, a(b + c) = ab + ac and (a +b)c = ac + bc- 
The element guaranteed by 3 is a neutral element for addition. It N 
shown that in a ring this element is unique and has the extra property 7 i 
a0 = 0 for all a in R, so it is usually called the zero element. Also, for each a, 
the element —a guaranteed by 4 is unique and is the negative of a. 

The ring is a commutative ring if it is true that 


7. for all a and b in R, ab = ba, 
and it is a commutative ring with identity if also 


8. there is an element 1 (# 0) such that al = a for all a in R. 
If certain further properties are addi 
and a field are obtained. So any int 
ther examples of tings (which are r 
of 2 x 2 real matrices and the set 
priate addition and multiplication. 
ren — 1} with addition an 
A ring may be denoted by (R, 
when it is necessary to distinguish 
tions in the other. But it is suffici 
operations intended are clear, 


led, the definitions of an integral doma! 
egral domain and any field is a ring. ao 
not integral domains or fields) are the ve 
of all even integers, each with the appr’ ; 
Another example of a ring is Zn, the se! 
d multiplication modulo n. 

+, x) and another ring by, say, (R’,®, 3) 
the operations in one ring from the a 
ent to refer simply to the ring R when the 


Rolle’s Theorem The following result, known as Rolle’s Theorem, 
concerns the existence of stationary points of a function f: 
T ati 
THEOREM: Let f be a function which is continuous on [a, b] and differer 


tiable in (a, b), such that f(a) = f(b). (Some authors require f(a) = f(b) = 03 
Then there is a number ¢ with a < c < b such that f'(c) = 0. 


l with each other, there must be a shtionaty 
ich the tangent is horizontal. The imeem > 
Mean Value Theorem; however, it is norma! 4 
St and deduce the Mean Value Theorem from it- 
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A rigorous proof relies on the non-elementary result that a continuous function 
on a closed interval attains its bounds. 


root Let f(x) = 0 be an equation involving the indeterminate x. A root 
of the equation is a value h such that f(h) = 0. Such a value is also called a 
zero of the function f. Some authors use ‘root’ and ‘zero’ interchangeably. 

If f(x) is a polynomial, then f(z) = 0 is a polynomial equation. By the 
Factor Theorem, h is a root of this equation if and only if z — h is a factor 
of f(x). The value h is a simple root if x — h is a factor but (z — h}? is not 
a factor of f(x); and h is a root of order (or multiplicity) n if (z — h)” is 
a factor but (a — h)”+! is not. A root of order 2 is a double root; a root of 
order 3 is a triple root. A root of order n, where n > 2, is a multiple (or 
repeated) root. 

If h is a double root of the polynomial equation f(z) = 0, then close to 
T = h the graph y = f(x) looks something like one of the diagrams in the first 
row below. If h is a triple root, then the graph looks like one of the diagrams 
in the second row below. The value h is a root of order at least n if and only 


if f(h) =0, f'(h) =0,..., f” (h) = 0. 


xY 


Na g 
x [e] 


1 


is) 


a 


atic equation az? + br +c = 0, 
B and y are the roots of 
then a+8+7 = —b/a, 
Its hold for polynomial 


2 
f+ 


_ Ifa and 2 are the roots of the quadr: 
with a # 0, then a + 8 = —b/a and af = c/a. Ifa, 
the cubic equation ar + bx? + cx-+d = 0, with a 4 0, 
By + Ja + af = c/a and afy = —d/a. Similar resu 
equations of higher degree. 


root (of a tree) See tree. 


Toot of unity See n-th root of unity. 
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rotational symmetry A plane figure has rotational symmetry about . 
point O if the figure appears the same when it is rotated about O through ga 
positive angle less than one complete revolution. For example, an equilateral 


triangle and, indeed, any regular polygon, has rotational symmetry about its 
centre. 


rotation of axes (in the plane) Suppose that a Cartesian coordinate oa 
tem has a given z-axis and y-axis with origin O and given unit length, sot aN 
a typical point P has coordinates (z,y). Consider taking a new apn 
system with the same origin O and the same unit length, with E o e 
-axis, such that a rotation through an angle a (with the positive erae 
taken anti-clockwise) carries the z-axis to the X-axis and the y-axis to Ei 
Y-axis. With respect to the new coordinate system, the point P has coordi- 


nates (X,Y). Then the old and new coordinates in such a rotation of axes 
are related by 


T= X cosa — Y sina, 
y = X sina + Y cosa. 


In matrix notation, these equations become 
T| _ |cosa ~sina] [X 
y sine cosa ¥ 


X| _[ cosa sina]fz 

y =sine cosa] |y|* 
For example, in a rotation 
coordinates are related by 


and, conversely, 


of axes through an angle of —7/4 radians, the 


i= (x +Y), 


1 
y= ae +Y), 


and the curve with equation z2 — 4? = 2 has equation XY = 1 in the new 
coordinate system. 
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polar c i 
T (r,0 +a). In terms of Cartesian coordinates, P with coor- 
r,y) is mapped to P’ with coordinates (z',y'), where 


x’ =rcosa—ysina, 
y' =asina + y cosa. 


r Ś 
aig Fooi that a number has more digits than can be conveniently 
R a ee In rounding (as opposed to truncation), the original 
alessi to a T by the number, with the required number of digits, that 
bedime1S bi hus, when rounding to 1 decimal place, the number 1-875 
accordingly se oe number 1-845 becomes 1-8. It is said that the number is 
at a halfwa un ed up or rounded down. When the original is precisely 
kyi ni point (for example, if 1-85 is to be rounded to 1 decimal place), 
tecen] unded up (to 1-9) or rounded down (to 1-8). Some authors like to 
a particular way of deciding which to do. See also decimal places 


and significant figures. 


roundi 
nding error = round-off error. 


X is rounded to a certain number of 


Tound- 
d-off error When a number 
d the round-off error. 


digits i 
maa a biein an approximation x, the error is calle r 
L875 is r authors this is X — z and for some it is z- X. For example, if 
the a s tol decimal place, or to 2 significant figures, to give 19, 
k decimal e error is either 0-025 or —0:025. When a number is rounded to 
when ron Tee the round-off error lies between +5 x LO tates for example, 
For s9 $ ing to 3 decimal places, the round-off error lies between +0-0005. 
me authors, the error is |X — z| (see absolute value) and so, for them, 


it is al 
Iways greater than or equal to zero. 
xxactly one row, that is, a 


TOW matri 
a oe ne Ss 
trix A row matrix is a matrix with e 
x n matrix, it may 


1x 
n matri t 
be AME on of the form [a] a2 an]. Given an m 
to treat its rows as individual row matrices- 
row o p 
er: i 
peration See elementary row operation. 


row 
rank See rank. 


Tow vi 
e 
ctor = row matrix. 
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Russell’s paradox By using the notation of set theory, a set can be defined 
as the set of all x that satisfy some property. Now it is clearly possible for a 
set not to belong to itself: any set of numbers, say, does not belong to itself 
because to belong to itself it would have to be a number. But it is also possible 
to have a set that does belong to itself: for example, the set of all sets belongs 
to itself. In 1901, Bertrand Russell drew attention to what has become known 
as Russell’s paradox, by considering the set R, defined by R = {c|r¢r}. 
If RE R then R¢ R; and if R¢ R then RE R. The paradox points out the 


danger of the unrestricted use of abstraction, and various solutions have been 
proposed to avoid the paradox. 


saddle-point Suppose that a surface has equation z = f(z,y), with, as 
usual, the z-axis vertically upwards. A point P on the surface is a saddle- 
Point if the tangent plane at P is horizontal and if P is a local minimum on 
the curve obtained by one vertical cross-section and a local maximum on the 
curve obtained by another vertical cross-section. It is so called because the 
central point on the seat of a horse’s saddle has this property. The hyperbolic 
paraboloid, for example, has a saddle-point at the origin. See also stationary 
point (in two variables). 


Scalar (for matrices) When working with matrices, the entries must belong 
to some particular set S. An element of § may be called a scalar to emphasize 
that it is not a matrix. For example, the occasion may arise when a matrix A 
ìs to be multiplied by a scalar k to form kA, or when a certain row of a matrix 


is to be multiplied by a scalar. 


Scalar (for vectors) | When working with vectors, a quantity that is a real 
number, in other words, not a vector, is called a scalar. 

Let A be an m x n matrix, with A = [aij], 
he mxn matrix C, where C = [ci;] 
properties: 


Scalar multiple (of a matrix) 
and k a scalar. The scalar multiple kA is t z 
and cij = ka;j. Multiplication by scalars has the following 


(i) (h+k)A =hA+kA. 
(i) k(A +B) = kA + kB. 
(iii) A(kA) = (hk)A. 
(iv) 0A = O, the zero matrix. 
(v) (-1)A = —A, the negative of A. 
Scalar multiple (of a vector) Let a be a non-zero vector and k a non-zero 
scalar. The scalar multiple of a by k, denoted by ka, is the vector whose 
magnitude is |k||a| and whose direction is that of a, if k > 0, and that of a, 
ifk <0. Also, kO and Oa are defined to be 9, for all k and a. Multiplication 
by scalars has the following properties: 
(i) (h+ k)a = ha + ka. 
(ii) k(a +b) = ka + kb. 
Gii) A(ka) = (hk)a. 
(iv) la=a. 
(v) (-1)a = ~a, the negative of a. 


Scalar product b, the scalar product a. b is defined 
uc For vectors a and b, Resa eer S 


by a. b = Jallb|cosé, where 8 is the angle, in radians with 


160 scalar projection 


a and b. This is a scalar quantity, that is, a real number, not a vector. The 
scalar product has the following properties: 
(i) a.b=b.a. : 
(ii) For non-zero vectors a and b, a. b = 0 if and only if a is perpendic- 
ular to b. 
(iii) a.a=|al?; the scalar product a.a may be written a2. 
(iv) a.(b+c) =a.b+a.c, the distributive law. 
(v) a.(kb) = (ka).b = k(a . b). ‘i 
(vi) If the vectors a and b are given in terms of their components (with 
Tespect to the standard vectors i, j and k) as a = aji + aaj + agk, 
b = bii + bj + b3k, then a. b = a,b; + agb2 + azbz. 


scalar projection (of a vector on a vector) See vector projection (of a 
vector on a vector). 


scalar triple product For vectors a, b and c, the scalar product, a.(bXC), 
of a with the vector b x ¢ (see vector product), is called a scalar triple 
product. It is a scalar quantity and is denoted by [a, b, c}. It has the following 
properties: 
(i) [a, b, c] = ~fa, c, b]. 
(ii) [a,b,c] = [b,c,a] = [c,a, bj. 
(iii) The vectors a, b and c are coplanar if and only if [a, b, c] = 0. 
(iv) If the vectors are given in terms of their components (with respect 
to the standard vectors i, j and k) as a = ai + aj + azk, b = 
bii + b2j + bak, c = Ci + coj + c3k, then 


la, b, c] = ai (bzc3 — bsc2) + az(bsc1 — byc3) + as(bic2 — b2c1) 


@ @ ag 
=]bi be bg]. 
C1 C2 cg 


(v) Let OA, OB and OC r 
lelepiped with OA, OB 
value of [a,b,c] gives t 
b and c form a right-h; 
b and c form a left-han 


epresent a, b and c and let P be the paral- 
and OC as three of its edges. The absolute 
he volume of the parallelepiped P. (If a, 
anded system, [a,b, c] is positive; and if a, 
ded system, [a, b, c] is negative.) 


scientific notation A number is Said to be in scientific notation when 


it is wntten as a number between 1 and 10, times a power of 10, that is to say, 
as a x 10”, where 1<a<l0andnisan integer. Thus 634-8 and 0-00234 are 
written in scientific notation as 6-348 x 102 and 2:34 x 10-3. The notation is 
particularly useful for very large and very small numbers. 

secant See trigonometric function, 

sech See hyperbolic function, 


second derivative See higher derivative, 
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ze f ” ag 
cond-order partial derivative See higher-order partial derivative. 


secti i 

i formula (in vectors) Let A and B be two points with position 

pee ie ang b, and P a point on the line through A and B, such that 
: = m:n. Then P has position vector p, given by the section 


formula 
1 


m+n 


It i F 
a is possible to choose m and n such that m +n = 1 and thus to suppose, 
anging notation, that AP : PB = k : 1 — k. Then p = (1 — k)a + kb. 


(mb + na). 


p= 


secti i 

oer formulae (in the plane) Let A and B be two points with Cartesian 

7 spy (v1, 41) and (x2, y2), and P a point on the line through A and B, 

im = oo AP: PB =m:n. Then the section formulae give the coordinates 
a 


mr + nr, my2 + Ny 
m+n ` m+n J` 


If, i n 5 y 

a a ee P is a point on the line such that AP : PB =k:1-h, its 
ordinates are ((1 — k)ary + kg, (1 — k)y + ky). 

Let A and B be two points 


), and P a point on the 
tion formulae give the 


TT formulae (in 3-dimensional space) 
i Cartesian coordinates (£1, y1, 21) and (£2, Y2, 22 

e through A and B. If AP: PB=m:n, the sec 
coordinates of P as 


mz +nzı myz +nyı M22 +nzı 
ar ee e r e i 
m+n m+n m+n 


and, if P is a point on the line such that AP : PB =k: 1- k, its coordinates 


are ((1 — k)ary + kra, (1 — k)yi + kya, (1 — k)zy + kz2). 

e O, is the region bounded by an 
and OB. The area of a sector is 
Je in radians. 


sec’ i 
i a A sector of a circle, with centr 
eit oF he circle and the two radii OA 

al to 3770, where r is the radius and @ is the ang 


S 

openi A segment of a circle is the region bounded by an arc AB of 
e circle and the chord AB. 

taken r at a time, that 


selecti i 
ection The number of selections of n objects 
is denoted by "C; and 


is, the numb 
; * er of ways of i objects out of n 
is equal to y: selecting 7 obj > 
n! 
r 
ri(n—r)! 
(See binomi gan. 
omial coefficient, where the alternative notation |, is defined.) For 


ex; A : 
ample, from four objects A, B, C and D, there are six ways of selecting 
that ”+!C, = "Cra + "Cr 


two: 
ma AC, AD, BC, BD, CD. The property 
seen displayed in Pascal's triangle- 


162 semi-vertical angle 


semi-vertical angle See cone. 


separable first-order differential equation The first-order a 
equation dy/dx = f(x,y) is separable if the function f can be expresse | as 
the product of a function of z and a function of y. The differential equation 
then has the form dy/dx = g(z)h(y) and its solution is given by the equation 


| ate [it 


where c is an arbitrary constant. 
sequence A finite sequence consists of n terms Gy, Ügy oor üm one 

s - É 
corresponding to each of the integers 1, 2, ..., n, where n, some panties 
integer, is the length of the sequence. An infinite sequence consists o; 
terms a, a2, a3, ..., one corresponding to each positive integer. Sometimes, 


it is more convenient to denote the terms of a sequence by ao, @1, 42, -++ + 
See also limit (of a sequence), 


series A finite series is written as @)+a2+...+4@,, where aj, a2, --+)4n 
are n numbers called the terms in the series, 
is the length of the series. The sum of the si 
n terms. For certain finite series, 
series, the sum of the series is give: 
also be established: 


and n, some positive integer, 
eries is simply the sum of the 
such as arithmetic series and geometric 
n by a known formula. The following can 


n 
Ere EEEE E TA $n(n + 1)(2n +1), 
r=1 

n 
Da 4nd n? n4 1, 
r=l 
An infinite series is written as % +42 +a3+..., with terms ay, a2, .--, one 
corresponding to each positive integer. Let s be the sum of the first n terms 
of such a series. If the Sequence s1, s2, s3, ... has a limit s, then the value $ 
is called the sum (or sum to infinity) of the infinite series. Otherwise, the 


infinite series has no sum. See also arithmetic series, geometric series, binomial 
series, Taylor series and Maclaurin series. 


set A set is any well-defined collection of objects. It may be possible 
to define a set by listing the elements: {a,e,i, 0,u} is the set consisting of 
the vowels of the alphabet, {1,2 -, 100} is the set of the first 100 positive 
integers. The meaning of 1123 ate } is also clear: it is the set of all positive 
ine a set as consisting of all elements, 

some property. Thus the set of all real 
numbers greater than 1 can be written as either {x |x € Rand z > 1} oO 
hich are read as ‘the set of x such that 


SE 
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sheet See hyperboloid of one sheet and hyperboloid of two sheets. 


a = rnc All the primes up to some given number N can be 

ieo ae od called the sieve of Eratosthenes. List all the positive 

ieee v up to N. Leave the first number, 2, but delete all its multiples; 

ted nex! remaining number, 3, but delete all its multiples; leave the next 

aera g number, 5, but delete all its multiples, and so on. The integers not 
leted when the process ends are the primes. 


Se he figures To count the number of significant figures in a given 
tichi , start with the first non-zero digit from the left and, moving to the 
On, all the digits thereafter, counting final zeros if they are to the 
ey ‘eae he decimal point. For example, 1-2048, 1-2040, 0-012048, 0-0012040 
mone 0 all have 5 significant figures. In rounding or truncation of a number 
A figures, the original is replaced by a number with n significant 
i ate that final zeros to the left of the de 
pa icant: the number 1204000 has at least 4 si 
a information there is no way of knowing whether or not any more fig- 
enincn significant. When 1203960 is rounded to 5 significant figures to give 
ae , an explanation that this has 5 significant figures is required. This 
£ be made clear by writing it in scientific notation: 1-2040 x 10°. 
da ks say that a = 1-2048 to 5 significant figures means that the exact value 
ecomes 1-2048 after rounding to 5 significant figures; that is to say, 


1-20475 < a < 1-20485. 


cimal point may or may not be 
ignificant figures, but without 


are similar if they are of the same 
This includes the case when one 
gles shown are all similar. 


aalas (figures) Two geometrical figures 
is a but not necessarily of the same size. Thi 
iat fener of the other, so the three trian À il 
aiel wo similar triangles, there is a correspondence between their vertices 
z h that corresponding angles are equal and the ratios of corresponding sides 

re equal. In the figure, ZA = ZP, ¿B =4Q, ¿C = ZR and QR/BC = 


RP/CA = PQ/AB =3/2. 


P N 
gaple gra i i i Itiple ed 
ph A simple graph isa gra h with no loops or mu iple edges. 

See graph. ple grap grap 
si . . s, m 
eee harmonic motion Suppose that a particle is moving in a straight 
A a that its displacement z at time £ is given by 7 = Asin(wt + a), where 
mo: 95 w and a are constants. Then the particle is executing simple har- 
ee motion, with amplitude A. period 2n/w and phase a- This equation 

S the general solution of the differential equation # + w°r = 0. 
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simple interest Suppose that a sum of money P (measured in £, say) is 
invested with interest of i per cent a year. When simple interest is given, the 
interest due each year is (i/100)P and so, after n years, the amount becomes 


When points are plotted on graph paper to show how the amount increases, 
they lie on a straight line. Most banks and building societies in fact do not 
operate in this way but use the method of compound interest. 


simple root See root. 


Simpson’s rule 


An approximate value can be found for the definite inte- 
gral 


J * Hads, 


f(x) at equally spaced values of z between a and b, as 
into n equal subintervals of length h by the partition 


using the values of 
follows. Divide [a,b] 


a a e E E < ay =, 


where 244; — ti = h = (b — a)/n. Denote f(xi) by fi and let P; be the 
point (2;, fi). The trapezium rule uses the line segment P;P;4, as an ap- 
proximation to the curve. Instead, take an arc of a certain parabola (in fact, 
the graph of a polynomial function of degree two) through the points Po, 
P, and P}, an are of a parabola through P}, P3 and P4, similarly, and so on. 
Thus n must be even. The resulting Simpson’s rule gives 


ihlfo +4fi +2f> aik EAE ET E E Y + fa) 


as an approximation to the value of the integral. This approximation has an 


error that is roughly proportional to 1/n4. In general, Simpson’s rule can be 
sini to be much more accurate than the trapezium rule, for a given value 
ofn. 


The solution of a set of m linear equa- 
d by the method of Gaussian elimination 


(i) If the echelon form has a row with all its entries zero except for a 
non-zero entry in the 1 


2 2 last place, the set of equations is inconsistent. 

(ii) If case (i) does not occur and, in the echelon form, the number of non- 
zero rows is equal to the number of unknowns, the set. of equations 
has a unique solution. 
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(iii) If case (i) does not occur and, in the echelon form, the number of non- 
zero rows is less than the number of unknowns, the set of equations 
has infinitely many solutions. 

When the set of equations is consistent, that is, in cases (ii) and (iii), the 
solution or solutions can be found either from the echelon form using back 
substitution or by using Gauss-Jordan elimination to find the reduced echelon 
form. When there are infinitely many solutions, they can be expressed in terms 
of parameters that replace those unknowns free to take arbitrary values. 


sine See trigonometric function. 


sine rule See triangle. 


singleton A singleton is a set containing just one element. 
singular A square matrix A is singular if det A = 0, where det A is the 
determinant of A. A singular matrix is not invertible (see inverse matrix). 


sinh See hyperbolic function. 


skew lines Two straight lines in 3-dimensional space that do not intersect 


and are not parallel are called skew lines. 


skew-symmetric matrix Let A be the square matrix [a;j]. Then the 
matrix A is skew-symmetric if AT” = —A (see transpose), that is to say, 
hat in a skew-symmetric matrix the 


if aij = —aj; for all i and j. It follows t ) 
entries in the main diagonal are all zero: aii = 0 for all i. 


Slant asymptote See asymptote. 
slant height See cone. 


Slope = gradient (of a straight line). 
he surface of a sphere that is 


small circle A small circle is a circle on t h 
btained when a sphere is cut 


ie a great circle. It is the curve of intersection 0 
y a plane not through the centre of the sphere. 


oat angle The 3-dimensional analogue of the 2-dimensional concept of 
migle is that of solid angle. Just as an angle is pounded by two lines, a solid 
ngle is bounded by the generators of a cone. 
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A solid angle is measured in steradians: this is defined to be the i 
of the intersection of the solid angle with a sphere of unit radius. Pn T 
‘complete’ solid angle at a point measures 47 steradians (comparable with o 
complete revolution measuring 27 radians). 


solid of revolution Suppose that a suitable plane curve is rotated through 
one revolution about some line in the same plane. The 3-dimensional region 
obtained is a solid of revolution. See also volume of a solid of revolution. 

solution A solution of a set of equations is an element, belonging to Pome 
appropriate universal set, specified or understood, that satisfies the equations. 
For a set of equations in n unknowns, a solution may be considered to be an 
n-tuple (z1,22,...,2,), or a column matrix 


Tı 
T2 


Tn 


such that z1, ro, +++) Zn Satisfy the equations. 
solution set The solution set of a set of equations is the set consisting 


of all the solutions. It may be considered as a subset of some appropriate 
universal set, specified or understood. 


Spanning set See basis. 


speed In mathematics, 


it is useful to distinguish between velocity and 
speed. First, when consideri 


ng motion of a particle in a straight line, specify a 


sphere The sphere, w; 
3-dimensional space) 
coordinates (a, b,c), 


ith centre C and radius r, is the locus of all points (in 


whose distance from C is equal to r. If C has Cartesian 
this sphere has equation 


G-a + (y— 0)? + (2-9)? = 72, 


The equation x? + y? + 22 + Zus + Quy + 2wz +d = 0 represents a sphere 
provided u? +v? +w? —'d > 9 and it is then an equation of the sphere with 
centre (—u, —v, —w) and radius yu? +0? +w -d 

The volume of a sphere of radius r is 
equals 4rr?. 


equal to $rr3 and the surface area 


spherical cap See zone. 
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spheri i 

5 ie ee a Suppose that three mutually perpendicular 
eiea , Oy and Oz, intersecting at the point O, and forming a right- 
ee ge : are taken as coordinate axes (see coordinates (in 3-dimensional 
im [OEI Wk eia P, let M be the projection of P on the xy-plane. Let 
a ae 4 s e angle ¿z0P in radians (0 < 8 < 7) and let ¢ be the 
E iainast T ians (0 S o< 27). Then (r, 0, ġ) are the spherical polar 
Pech tig A he point O gives no value for 8 or but is simply said 
Ape eae o ir 0.) The value $ + 2k, where k is an integer, may be 
BaT mae fa ġ. The Cartesian coordinates (z,y,2) of P can be found 
eee K y r= rsin 8 cosġ, y =rsinOsing, 2 = rcos@. Spherical 
hereni ates may be useful in treating problems involving spheres, for a 

ith centre at the origin then has equation r = constant. 


spi s r P, 3 
Piral See Archimedean spiral and equiangular spiral. 
s P 

nate e matrix A matrix with the same number of rows and columns is 

led a square matrix. 

real number a is a number z such that 
mber. If a is positive, there 
For a > 0, the notation 
t of a. 


aoe root A square root of a 
es pi oan is negative, there is no s 
Vai uch numbers, one positive anı 

s used to denote quite specifically the 


uch real nur 


d one negative. 
non-negative square roo! 


that the Greek geometers at- 
he trisection of an angle) was 
mpasses, to obtain a square 


E the circle One of the problems 
mee (like the duplication of the cube and t 
whidss a construction, with ruler and pair of compass 2 
men area was equal to that of a given circle. This is equivalent to a geo- 

rical construction to obtain a length of Vir from a given unit length. Now 


Ci . 
onstructions of the kind envisaged can give only lengths that are algebraic 
t that: for instance, Y2 cannot 


nu 

Sn (and not even all algebraic numbers a! 

at So the proof by Lindemann in 1882 that 7 is transcendental 
ished the impossibility of squaring the circle. 


Stan è 
dard form (of a number) = scientific notation. 
a statement is 


the fundamental property of 
‘There is a real 


Stat 
ement In mathematics, 
For example, 


that i 
it makes sense and is either true or false. 
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7 i ; § nd y 
number z such that z? = 2° makes sense and is true; the statement ‘If x and y 


i itive i is false. 
are positive integers then x — y is a positive integer’ makes sense and is fal 
In contrast, ‘z = 2’ is not a statement. 


ionary point (in one variable) A stationary point is a point on ee 
ae HA at me f is differentiable and f(z) =0: The term is TE 
used for the number c such that f'(c) = 0. The corresponding value i A 
is a stationary value. A stationary point c can be classified as one of a 
following, depending upon the behaviour of f in the neighbourhood of c: 

(i) a local maximum, if f(z) > 0 to the left of c and f'(x) < 0 to the 
right of c, 

(ii) a local minimum, if f' 
right of c, 

(iii) neither local maximum nor minimum. 
The case (iii) can be subdivi A 
It may be that f'(z) has the same sign to the left and to the right of Gyon 
which case c is a horizontal point of inflexion; or it may be that there is an 
interval at every point of which f'(z) equals zero and c is an end-point or 
interior point of this interval. 


(z) < 0 to the left of c and f'(x) > 0 to the 


ded to distinguish between the following two cases. 


stationary point (in 


two variables) 
isa stationary point 


A point P on the surface z = f(x,y) 
if the tangent p! 


lane at P is horizontal. This is so if 


ðf/ðx = 0 and Of /ðy = 0. Now let 
y = 10%F oF 
= Oe? = Fray’ = E 


If rt > s? andr <0, the stati 
cross-sections through P have 
stationary point is a local mi 
have a local minimum at P). 


onary point is a lo 


cal maximum (all the vertical 
a local maximum 


at P). Ifrt > s? andr > 0, the 
nimum (all the vertical cross-sections through P 
If rt < s?, the stationary point is a saddle-point. 
stationary value See stationary point. 


steradian A steradian is a unit for measuring solid angles. 


stereographic projection 


Suppose that a sphere, 
plane at the point S, and let N bi 


centre O, touches @ 
e the Opposite end of the 


diameter through S. 
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the me ‘(except N) on the sphere, the line NP meets the plane in a 
a a ; ree point P’. Conversely, each point in the plane determines a point 
fhe ee es so there is a one-to-one correspondence between the points of 
ne a ae N) and the points of the plane. This means of mapping 
thrones uP ~~ stereographic projection. Circles (great or small) not 
(ro an ne sphere’s surface are mapped to circles in the plane; circles 
AEE O small) through N are mapped to straight lines. The angles at which 
ves intersect are preserved by the projection. 


strai i p : a Ae y 

on line (in the plane) A straight line in the plane is represented in 

ins ane coordinates by a linear equation, that is, an equation of the form 

aif y +c =0, where the constants a and b are not both zero. A number of 
erent forms are useful for obtaining an equation of a given line. 

= mx +c represents the line with gradient m that 


(i) The equation y 
). The value c may be called the 


cuts the y-axis at the point (0, ¢ 
intercept. 
(ii) The line through a given point (£1, 
any ES m(z — 2). 
(iii) The line through the two points (£1, 


yı) with gradient m has equation 


yx) and (z2, y2) has, if z2 # 21, 


equation 
ete 
y-n= Poig -— 11), 
T2- Tı 
and has equation 2 = %1, if 12 = T1. 
e axes at the points (p, 0) and (0,4), 


(iv) The line that meets the coordinat 
where p # 0 and q # 0, has equation z/p + y/q=1. 

A straight line in 3-dimensional 

f two planes. Thus a straight line 

aT + biy + ciz + di = 0 and 


ic line (in 3-dimensional space) 
is ce can be specified as the intersection 0 
given, in general, by two linear equations, 
@2T + boy + coz + dz = 0. (If these equations represent jdentical or parallel 
Planes, they do not define a straight line.) Often it is more convenient to obtain 
pevemetric equations for the line, which can also be written in ‘symmetric 
‘orm’. See also vector equation (of a line). 


Strictly decreasing See decreasing function and decreasing sequence. 


Strictly included See proper subset. 


g function and increasing sequence. 


stri i :; P 
ictly increasing See increasin, 
stri Í i 

trictly monotonic See monotonic function and monotonic sequence. 


= partition (of an interval). 


veo Let F be a field with operations of addition and multiplication. 
i is a subset of F that forms a field with the same operations, then S is a 
ubfield of F. For example, the set Q of rational numbers forms a subfield 


Of the field R of real numbers. 


Subdivision (of an interval) 


170 subgroup 


subgroup Let G be a group with a given operation. If H is a subset of G 
that forms a group with the same operation, then H is a subgroup of G. For 


example, {1,i,—1,—i} forms a subgroup of the group of all non-zero complex 
numbers with multiplication. 


submatrix A submatrix of a matrix A is obtained from A by deleting 
from A some number of rows and some number of columns. For sramni 
suppose that A is a 4 x 4 matrix and that A = [aij]. Deleting the first an 
third rows and the second column gives the submatrix 


a21) a233 a4 
Q41 Q43 Q44 


subring Let R be a ring with operations of addition and multiplication. 
If S is a subset of R that forms a ring with the same operations, then S is a 


subring of R. For example, the set Z of all integers forms a subring of the 


ring R of all real numbers, and the set of all even integers forms a subring 
of Z. 


subset The set A is a subset of the set B 
element of B. When this is so, A is included in B, written A C B, and 
B includes A, written B 2 A. The following properties hold: 

(i) For all sets A,ØC Aand ACA. 

(ii) For all sets A and B, A = B if and only if A C B and B CA. 


(iii) For all sets A, B and C,if AC Band BCC then A cc. 
See also proper subset, 


if every element of A is an 


substitution See integration. 


subtraction (of matrices) For matrices A and B of the same order, the 
operation of subtraction is defined by taking A — B to mean A + (—B), 
where —B is the negative of B. Thus if A = [aij] and B = [bij], then 
A -B =C, where C = [ci] and Cij = ais — bij. 


sum (of a series) See series. 


sum (of matrices) See addition (of matrices). 


summation notation 


The finite series ai +a +- 
using the capital Greek leti 


+++ a, can be written, 


ter sigma, as 
n 
Ye. 
r=1 
Similarly, for example, 
10 n-1 
P42? +--+ 10? = 7? leta tgan a Sa’. 
r=1 
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e letter ‘r’ used here could equally well be replaced by any other letter.) 
a similar way, the infinite series a; + az +--+ can be written as 


> 
So 
r=1 


The infini . y 

ioe infinite series may not have a sum to infinity (see series), but if it does 

ie same abbreviation is also used to denote the sum to infinity. For example, 
e harmonic series 


. and has no sum to infinity. But, for 


is the infinite series 1+4 +4 +3 +o 
-- has sum 1/(1 — z), and 


a <x < 1, the geometric series 1+2+27+ r+ 
this can be written 


= 1 

Siva (-1<2<1). 
1-2 

r=0 


su infin: r PP. 
m to infinity See series and geometric series. 


Supremum (plural: suprema) See bound. 

plane curve is rotated 
lane. The surface of the 
tion. See also area of a 


boa of revolution Suppose that a suitable 

dime h one revolution about some line in the same p. 

Surfa ensional figure obtained is a surface of revolu: 
ce of revolution. 


Surjection = onto mapping. 

Surjective mapping A mapping is surjective if it is onto. 

jy mmetrical about a line A plane figure is symmetrical about the 

ee l if, whenever P is a point of the figure, so too is P’, where P’ is the 

a a ee of P in the line l. The line l is called a line of symmetry; 

eh the figure is said to have bilateral sy’ be symmetrical by 
lection in the line J. ‘The letter ‘A’, for example, trical about the 


Vertical line down the middle. 


mmetry or to 
is symme! 


*ymmetrical about a point etrical about the 
Bee o if, whenever P is a point of the figure, so too is P’, where O ? the 
is mate of P'P. The point O is called a centre of symmetry; and the gure 
ee to have half-turn symmetry about O because the fen a ee 
exam, ee rotated through half a revolution about O. The letter ‘S’, for 

ple, is symmetrical about the point at its centre. 


A plane figure is symm: 


Symmetric di f universal set) 
ifference For sets A and B (subsets © some s 
a set (A \ B) U (B \ A). 


h > E 
€ symmetric difference, denoted by A + B, is the 
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The notation A A B is also used. The set is represented by the shaded ae 
of the Venn diagram shown above. The following properties hold, for all A, 
B and C (subsets of some universal set E): 
(i) A+A=0,A+O=A,A4+A'=E, A+ B= A’. 
(ii) A+ B= (AUB)\(ANB) = (AUB)N(A'UB’). 
(iii) A+ B = B + A, the commutative law. 
(iv) (A+ B)+C = A+ (B +C), the associative law. Seta i 
(v) AN(B+C) =(ANB)+ (ANC), the operation N is distributive ove 
the operation +. 
symmetric group For any 
mapping from X to X. If X h 
and the set of all of these, 
forms a group called the sy 


set X, a permutation of X is a one-to-one ae 
as n elements, there are n! permutations of 
with composition of mappings as the operation, 
mmetric group of degree n, denoted by Sn- 
symmetric matrix 


Let A be the square matrix [aij]. Then A is sym- 
metric if AT 


= A (see transpose); that is, if a;j = aji for all i and j. 
symmetric relation 


A binary relation ~ on a set S is symmetric if, for 
all a and b in S, whenever a ~ b then b ~ a. 


symmetry (of a graph) Two particular symmetries that a given graph 
y = f(x) may have are symmetry about the y-axis, if f is an even function, 
and symmetry about the origin, if f is an odd function, 
synthetic division A method, known 
the quotient and Temaind 
involves laying out the numi 
is that, at each step, ‘you multi 
by z — h, set up a table as foll 
h | a b c d 
0 e wae 


as synthetic division, of finding 


Working from the left, each total, writ 
and entered above the line in the nex! 


ten below the line, is multiplied by i 
column are added to for 


t column. The two numbers in that 
m the next total: 


h a b 
ah 
a ah+b 
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The last total is equal to the remainder and the other numbers below the 
line give the coefficients of the quotient. By the Remainder Theorem, the 
remainder equals f(h). 

For example, suppose that 2x3 — 7x? + 5x + 11 is to be divided by x — 2. 
The resulting table is: 


2 2 a 5 1 
0 4 -6 -2 
2 -3 =i 9 


So the remainder equals 9 and the quotient is 2x? — 3x — 1. The calculations 
here in fact correspond exactly to those that are made when the polynomial 
's evaluated for £ = 2 by nested multiplication, to obtain f(2) = 9. 


tangent See trigonometric function. 
tangent line See tangent plane. 


tangent plane Let P be a point on a smooth surface. The tangent at P 
to any curve through P on the surface is called a tangent line at P and the 
tangent lines are all perpendicular to a line through P called the normal to 
the surface at P. The tangent lines all lie in the plane through P perpendicular 
to this normal, and this plane is called the tangent plane at P. (A prec 
definition of ‘smooth’ cannot be given here. A tangent plane does not exist, 


however, at a point on the edge of a cube or at the vertex of a (double) cone, 
for example.) 


At a point P on the surface, it may be that all the points near P (apart 
from P itself) lie on one side of the tangent plane at P. On the other hand, this 
may not be so: there may be some points close to P on one side of the tangent 
plane and some on the other. In this case, the tangent plane cuts the surface 
in two curves that intersect at P. This is what happens at a saddle-point. 


tangent (toacurve) Let P bea point ona (plane) curve. Then the tangent 
to the curve at P is the line through P that touches the curve at P. The 
gradient of the tangent at P is equal to the gradient of the curve at P. 


tanh See hyperbolic function. 


tautology A tautology is a compound statement that is true for all 
possible truth values of its components. For example, p => (q = p) is a 
tautology, and this can be seen by calculating its truth table. 


Taylor, Brook (1685-1731) 
gave his name to Taylor series, 
powers of the variable. The serie 
others. 


Taylor was the British mathematician who 
the expansion of an arbitrary function in 
S was discovered by James Gregory, among 


Taylor polynomial, Taylor series (or expansion) See Taylor’s Theorem. 


Taylor’s Theorem Applied to a suitab! 
gives a polynomial, called a Taylor polyn 
is an approximation to f(z). 


THEOREM: Let f be a function such 
functions f™) (r = 1,.. 


le function f, Taylor’s Theorem 
omial, of any required degree, that 


that, in an interval I, the derived 
-,n) are continuous, and suppose that a € J. Then, 
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for all x in J, 


roa) 


mae T +Ra, 


7 u" 
F(z) = F(a) a-a + LO pay? +--+ 
where various forms for the remainder R, are available. 
Two possible forms for Ry are 


oe i 5 ECO ye ay 
= (n=! | (t)z t)" dt and Ra = zy (z-a), 
where c lies between a and z. By taking z = a + h, where h is small (positive 
or negative), the formula 


1 7 (n-1) 
f(at+h) = f(a) + LO, Epey op FI + Re 


is obtained, where the second form of the remainder now becomes 


p, = flat By, 
n! 
and k lies between 0 and h. This enables f(a +h) to be determined up to a 
Certain degree of accuracy, the remainder Ry giving the error. Suppose now 
that, for the function f, Taylor's Theorem holds for all values of n, and that 
= 0 as n — oo; then an infinite series can be obtained whose sum is f(z). 


it ag s 
n such a case, it is customary to write 


1o) = jat ERa —a) + Eea 


ie is the Taylor series (or expansion) for f at (or about) a. The special 
e with a = 0 is the Maclaurin series for f. 

techniques of integration See integration. 

term See sequence and series. 

terminating decimal See decimal. 


te; A 
ary relation See relation. 


ODS 


A a ral number A tetrahedral number is an integer a — 
Of th (n+ 2), where n is a positive integer- This number equals 
e first n triangular numbers. The first few tetrahedral numbers are 1, 4, 
and 20 and the reason for the name can be seen from the figure above. 
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tetrahedron (plural: tetrahedra) A tetrahedron is a solid figure bounded 
by four triangular faces, and has four vertices and six edges. A regular tetra- 
hedron has equilateral triangles as its faces and so all its edges have the same 
length. 


third derivative See higher derivative. 


Thom, René (1923- ) Thom is a French mathematician best known for 
his theory of morphogenesis, popularly known as catastrophe theory. This 
is one of the few serious attempts to apply mathematics to the shapes and 
processes of living things. Most previous attempts have tried, naturally, to be 
quantitative in the tradition of applied mathematics. They are defeated by 


the sheer complexity of nature. Thom’s theory has the strength of being both 
qualitative and rigorous. 


torus (plural: tori) Suppose that a circle of radius a is rotated through one 
revolution about a line, in the plane of the circle, a distance b from the centre 
of the circle, where b > a. The resulting surface or solid is called a torus, 
the shape of a ‘doughnut’ or ‘anchor ting’. The surface area of such a torus is 
equal to 47?ab and its volume equals 272a2b. 


trace 


The trace of a square matrix is the sum of the entries in the main 
diagonal. 


transcendental number A transcendental number is a real number 


that is not a root of a polynomial equation with integer coefficients. In other 
words, a number is transcendental if it is not algebraic. In 1873, Hermite 


showed that e is transcendental; and it was shown by Lindemann, in 1882, 
that 7 is transcendental. 


transformation (of the plane) 
A transformation of the plane is 
most important transformations of t 
which are those that, in terms of C 
linear equations. For a linear trans 
h and k such that T maps the poi 
with coordinates (z', y’), where 


Let S be the set of points in the plane. 
a one-to-one mapping from S to S. The 
he plane are the linear transformations, 
artesian coordinates, can be represented by 
sformation T, there are constants a, b, €, d, 
nt P with coordinates (x,y) to the point P’ 


x’ =axr+by +h, 
y' =cr+dy +k. 
When h = k = 0, the ori 


gin O is a fixed Point, since T maps O to itself, and 
then the transformation 


can be written x’ = Ax, where 


T 1 z a b 
x= w= - 
G] i [z] > A | d|’ 
Examples of such transformations are rotations about O, reflections in lines 


through O and dilatations from O. Translations are examples of linear trans- 
formations in which O is not a fixed point. 
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transitive relation A binary relation ~ on a set S is transitive if, for 
all a, b and c in S, whenever a ~ band b ~ c then a ~ c. 


translation of axes (in the plane) Suppose that a Cartesian coordinate 
system has a given z-axis and y-axis with origin O and given unit length, 
So that a typical point P has coordinates (x,y). Let O' be the point with 
coordinates (h, k), and consider a new coordinate system with X-axis and Y- 
axis parallel and similarly directed to the x-axis and y-axis, with the same 
unit length, with origin at O’. With respect to the new coordinate system, 
the point P has coordinates (X,Y). The old and new coordinates in such a 
translation of axes are related by £ = X +h, y = Y + k, or, put another 
way, X =2—h, Y =y—k. 


P 
ta 


Wy OF 
| 


a 


Y 


— 
p * 


, This procedure is useful for investigating, for example, a curve with equa- 
tion 9x? 4. 4y? — 182 + 16y — 11 = 0. Completing the square in z and y gives 
Ka 1)? +-4(y-+2)? = 36, and so, with respect to a new coordinate system with 
origin at the point (1, —2), the curve has the simple equation 9X?+4Y? = 36. 


translation of axes (in 3-dimensional space) Just like a translation of axes 
m the plane, a translation of axes in 3-dimensional space can be made, to 
à new origin with coordinates (h, k,l), with new axes parallel and similarly 
directed to the old. The old coordinates (z, y, z) and new coordinates (X,Y,Z) 
ate related by r = X +h, y =Y +k, z = Z + l, or, to put it another way, 


S2-ħY=y-k,Z=z-l. 


la 
nas 


orauslation (of the plane) A translation of the plane is a transformation 
aia pine in which a point P with coordinates (2,9) is aA to z 
origin O With coordinates (2',y'), where 2 = ort i oH yrs aume 

'S mapped to the point O’ with coordinates (%, k) and the point P is 
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mapped to the point P’, where the directed line-segment PP' has the same 
— 

direction and length as OO’. 

transpose The transpose of an mxn matrix is the nxm matrix obtained 


; T 
by interchanging the rows and columns. The transpose of A is denoted by A’, 
At or A’. Thus if A = [aij] then A? = [a;;], where a}; = aji; that is, 


au 21 ++) Ami 

a21 Q22 --- Gan T Q12 A22 ... Am2 
A=|. oa © IN A&A =|. x i 

Ami Am2 --- Amn Ain An --- Amn 


The following properties hold, for matrices A and B of appropriate orders: 
(i) (AT)? =A. 
(ii) (A+B)? = AT + BT. 
(ii) (KA)? = KAT, 
(iv) (AB)? = BTAT, 


transverse axis See hyperbola. 


trapezium (plural: trapezia) A trapezium is a quadrilateral with two 
parallel sides. If the parallel sides have lengths a and b and the distance 
between them is h, the area of the trapezium equals $h(a + b). 


b 


trapezium rule An approximate value can be found for the definite inte- 
gral 


| * sa) de, 


(x) at equally spaced values of z between a and b, aS 
nto n equal subintervals of length h by the partition 


using the values of f 
follows. Divide [a, b) i 


A a Ske E gy Sty = by 
where ai+1 — £i = h = (b— a)/n. Denote f(z;) by fi and let P; be the 
point (zi, fi). If the line segment P;P;+1 is used as an approximation to the 
curve y = f(x) between z; and 2:41, the area under that part of the curve 
is approximately the area of the trapezium shown in the figure below, which 
equals $A fit fiza). By adding up the areas of such trapezia between a and b, 
the resulting trapezium rule gives 


ahlo +2fi+2fa+ -tfaa Jn) 
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yf P, 
| æ 
| 
| 
Am 


as an approximation to the value of the integral. This approximation has an 
error that is roughly proportional to 1/n?; when the number of subintervals 
is doubled, the error is roughly divided by 4. Simpson’s rule is significantly 
more accurate. 


trapezoidal rule = trapezium rule. 


Travelling Salesman Problem The following mathematical problem is 
derived from a real-life situation. There are a certain number of towns, with 
Toutes between them, each route, from town i to town j, being assigned a 
value cij, giving the distance from town 7 to town j. The Travelling Sales- 
man Problem is to find how to visit all the towns, returning to the starting 


Point, in a way that minimizes the total distance travelled. (Alternatively, 
ij can be the cost of travelling, or the time taken to travel, from town ito 
nized.) Theoretically, the 


town j, and the total cost or time is to be minim 

Problem can be solved by considering all the possible routes. But if there are 
n towns, the number to be considered is (n—1)!/2 and, for all but the smallest 
Values of n, this is impossible even for a large computer. What is sought is 
a Manageable algorithm that works in what is considered to be a reasonable 
time. Such algorithms are known that find a way for which the total distance 
travelled is close to, but not necessarily quite equal to, the minimum. 


| (Seta 


A cycle in a graph is a sequence Vo; €1) May ves Ek, Uk E 2 ie 
all th ely vertices and edges (where e; is an edge joining wa and KAE 
at: © edges different and all the vertices different, except that vo = Vk: a 
si ree is a connected graph with no cycles. It can be shown that a connecte 

mple graph with n vertices is a tree if and only if it has n — 1 edges. The 

Sure above shows all the trees with up to five vertices. 


tree 
alternat, 
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Particularly in applications, one of the vertices (which may be called 
nodes) of a tree may be designated as the root and the tree may be drawn 
with the vertices at different levels indicating their distance from the root. A 
rooted tree in which every vertex (except the root, of degree 2) has degree 
either 1 or 3, such as the one shown above, is called a binary tree. 
triangle Using the properties of angles made when one line cuts a pair of 
parallel lines, it is proved, as illustrated on the left below, that the angles of 
a triangle ABC add up to 180°. By considering separate areas, illustrated on 
the right below, it can be shown that the area of the triangle is half that of 
the rectangle shown, and so the area of a triangle is ‘half base times height’. 


If now A, B and Ç denote the angles of the triangle and a, b and c the 
lengths of the sides opposite them, the following results hold: 


(i) The area of the triangle equals dbesin A. 
(ii) The sine rule: 
a 


Jv g 
sinA sinB 


sinC 


rr where R is the radius of the circumcircle. 
(iii) The cosine rule: a? = p? + 


2R, 


2 š 
c” — 2becos A, or, in another form, 


bP e—a? 
2be i 


cos A = 


(iv) Hero’s formula: Let s = 


3(a+b+c). Then the area of the triangle 
equals \/s(s — a)(s — b)(s—c). 


ya 


triangle inequality (for complex numbers) If z, and 22 are complex num- 
bers, |z1 + z2| < |21| + |za|. This result is known as the triangle inequality 
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because it follows from the fact that [OQ] < |OP,|+|P:Q|, where Pi, P2 and Q 
represent z1, 22 and 2; + 29 in the complex plane. 


triangle inequality (for points in the plane) For points A, B and C in 
the plane, |AC| < |AB| +|BC|. This result, the triangle inequality, says 
that the length of one side of a triangle is less than or equal to the sum of the 
lengths of the other two sides. 


triangle inequality (for vectors) Let |a| denote the length of the vector a. 
For vectors a and b, |a + b| < [a] + |b|. This result is known as the triangle 
inequality, since it is equivalent to saying that the length of one side of a 
triangle is less than or equal to the sum of the lengths of the other two sides. 


triangular matrix A triangular matrix is a square matrix that is either 
lower triangular or upper triangular; it is lower triangular if all the entries 
above the main diagonal are zero, and upper triangular if all the entries 
below the main diagonal are zero. 


triangular number A triangular number is an integer that is of the 
form 3n(n+ 1), where n is a positive integer. The first few triangular numbers 
are 1, 3, 6, 10 and 15 and the reason for the name can be seen from the figure. 


be overlooked, 


trigonometric function Though the distinction tends to 
hether degrees 


the trigonometric functions are different, depending upon W 
or radians are used. 


cosine, sine and 
but cos@°, 
and when @ 


USING DEGREES. The basic trigonometric functions, 
one are first introduced by using a right-angled triangle, 
ee and tan@° can also be defined when @ is larger than 90 
egative. Let P be a point (not at O) with Cartesian coordinates (x,y). 
MPpose that OP makes an angle of 6° with the positive x-axis and that 
ne =r. Then the following are the definitions: cos r= x/r, sinĝ? = y/r, 
(when £ # 0) tang? = y/z. It follows that tan6° = sin@°/cos 6°, and 


tan, 
sin 
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that cos? 6° + sin? 8° = 1. Some of the most frequently required values are: 


0 0 30 45 60 90 

v3 1 1 

cos 6° 1 F i 3 0 
1 1 v3 

sin 8° 0 = = — 1 
2 V 2 
1 

tan @° 0 T 1 V3 not defined 

The point P may be in any of the four quadrants. By considering the signs 


of z and y, the quadrants in which the different functions take positive values 


can be found and are shown in the figure below. The following are useful for 
calculating values, when P is in quadrants 2, 3 or 4: 


cos(180 — @)° = — cos 0°, sin(180 — @)° = sin 0°, 
cos(180 + 0)? = — cos 0°, sin(180 + @)° = — sin 0°, 
cos(—0)° = cos 6°, sin(—0)° = — sin 8°. 


The functions cosine and sine are periodic, of period 360; that is to say, 
cos(360 + @)° = cos8° and sin(360 + 0)° = sin@°. The function tangent. is 
periodic, of period 180; that is, tan(180 + @)° = tan 0°. 


cos m = cos 180° = ~1, sing = sin 60° = y, tan = tan 45° = ea 


4 v2 


Periodic with period 27, and tan has period T- 
-It is important to distinguish between the functions cosx and cos z°- 
They are different functions, but are related since cos z° = cos(7x/180). The 
same applies to sin and tan. Sometimes authors do not make the distinction 
and use the notation cos A, for example, where A is an angle measured in 


The functions cos and sin are 
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de; i 
eae or radians. This is what has been done in the Table of Trigonometric 
ig (Appendix 5). 
ar he other trigonometric functions, cotangent, secant an 
e defined as follows: 


d cosecant, 


cos r 1 
cott = —, sect = —; cosec T = ——,; 
sing cos sing 
nominator zero must be 
fied by the trigonometric 


Formulae (Appendix 5). 


whi R 

Sid in each case, values of x that make the de 

Funeti ed from the domain. The basic identities satis 
ions will be found in the Table of Trigonometric 


a In order to find the derivatives of the trigonometric functions, it is first 
essary to show that 
_ sing 
lim — =1. 
z—0 T 
ya 
i i 
see x 
y=cosec x 
; 7 ! 3a 2: 
E i27 i a 
E i i 


a 
= eee ee EETA 
=. 
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‘| 
| 
! | 


(3a 
12 
H © 


IN 


In view of the essentially geometric definition of sin z, a geometric method 
has to be used. By considering (when 0 < z < 7/2) the areas of A OBQ, sector 
OAB and A OAP, where ZOAB measures z radians, it can be shown that 


nu 
xt 


sing 1 
cost < —— < —_. 
T cos x 


After dealing also with z < 0, the required limit can be deduced. Hence it can 
be shown that 


Gre T) = c ETEEN 
qa Sinz) = cosz, qz €31) = -sin v. 


The derivatives of the other trigonometric functions are found from these, by 


using the rules for differentiation, and are given in the Table of Derivatives 
(Appendix 2). 


triple product (of vectors) 


j See scalar triple product and vector triple 
product. 


triple root See root. 


trisection of an angle 
attempted (like the duplicat. 
was to find a construction, 
that is, to divide it into thre 
angle is probably familiar.) 
only lengths belonging to a 
subtraction, multiplication, 


One of the problems that the Greek geometers 
ion of the cube and the squaring of the circle) 
with ruler and compasses, to trisect any angle, 
e equal parts. (The construction for bisecting an 
Now constructions of the kind envisaged can give 
class of numbers obtained, essentially, by addition. 
division and the taking of square roots. It can be 
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shown that the trisection of certain angles is equivalent to the construction of 
numbers that do not belong to this class. So, in general, the trisection of an 
angle is impossible. 


trivial solution The trivial solution to a homogeneous set of linear 
equations is the solution in which all the unknowns are equal to zero. 


truncation Suppose that a number has more digits than can be conve- 
niently handled or stored. In truncation (as opposed to rounding), the extra 
digits are simply dropped; for example, when truncated to 1 decimal place, 
the numbers 1-875 and 1-845 both become 1-8. See also decimal places and 
significant figures. 


truth table The truth value of a compound statement can be determined 
from the truth values of its components. A table that gives, for all possible 
truth values of the components, the resulting truth values of the compound 
Statement is a truth table. The truth table for =p is 


P E 
e F 
F T 


and combined truth tables for p A q, p V q and p = q are as follows: 


P q pq pVvq pq 
T T 7 T 1 
E F F T F 
r T F T T 
7T F F F Lr 


From these, any other truth table can be completed. For example, the final 
column below, giving the truth table for the compound statement (p^q)V (=r); 
is found by first completing columns for p ^q and ^r: 


| (pha) y (=r) 


P q f prg ar 

To o ge T F m 
T F F T T 7 
- F E F F F 
T” P F F T T 
P g T F F F 
w pP P F T: T 
F F T F F F 
F F P F T T 


‘om the following 


t . 
ruth value The meaning of truth value is apparent fr 
if the statement 


T ifa statement is true, its truth value is T (or TRUE); 
alse, its truth value is F (or FALSE). 
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turning point A turning point is a point on a graph y = f(z) at which 


f'(z) = 0 and f'(x) changes sign. A turning point is either a local maximum or 


a local minimum. Some authors use ‘turning point’ as equivalent to stationary 
point. 


unary operation A unary operation on a set S is a rule that associates 
with any element of Sa resulting element. If this resulting element is always 
also in S, then it is said that S is closed under the operation. The following 
are examples of unary operations: the rule that associates with each integer a 
its negative —a; the rule that associates with each non-zero real number a its 
inverse 1/a; and the rule that associates with any subset A of a universal set E 
its complement A’. 


union The union of sets A and B (subsets of a universal set) is the set 
Consisting of all objects that belong to A or B (or both), and it is denoted 
by AUB (read as ‘A union B’). Thus the term ‘union’ is used for both the 
Tesulting set and the operation, a binary operation on the set of all subsets of 
a universal set. The following properties hold: 

(i) For all A, AU A = A, AUO = A. 

(ii) For all A and B, AU B = BUA; that is, U is commutative. 4. 

(iii) For all A, B and C, (AUB)UC = AU(BUC); that is, U is associative. 
In View of (iii), the union Ay U A2 U ++: U An of more than two sets can be 
Written without brackets, and it may also be denoted by 


Unique Factorization Theorem The process of writing any positive 
nteger as the product of its prime factors is probably familiar; it may be 
taken as self-evident that this can be done in only one way. Known as the 
nique Factorization Theorem, this result of elementary number theory 
can be proved from basic axioms about the integers. 
_ THEOREM: Any positive integer (# 1) can be expressed as a product of 
i This expression is unique except for the order in which the primes 
Sin any positive integer n (# 1) can be written as pẹ'p3? --- pp", where pi, 
z ‘-*> Pr are primes satisfying pı < P2 gee < Pr and gy os ne 
an Positive integers. This is the prime decomposition of n. For example, 
riting 360 = 23 x 32 x 5 shows the prime decomposition of 360. 


s the circle of radius 1 with its 
has equation x? +y? = 1. In 
bers z such that |z| = 1. 


Unit ç; , ; 
ona circle In the plane, the unit circle i 
e Te at the origin. In Cartesian coordinates, it 
Complex plane, it represents those complex num 
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unit matrix = identity matrix. 


unit vector A unit vector is vector with magnitude, or length, equal 
to 1. For any non-zero vector a, a unit vector in the direction of a is a/|al. 


The row vector [a; az an ] or the column vector 


a 
a2 


an 


may be called a unit vector if ya}? + az? +... 4 aye = 1. 


universal quantifier See quantifier. 


universal set In a particular piece of work, it may be convenient to fix 
the universal set Æ, a set to which all the objects to be discussed belong. 
Then all the sets considered are subsets of E. 


upper bound See bound. 


upper limit See limit of integration. 


upper triangular matrix See triangular matrix. 


valence: = 
y = degree (of a vertex of a graph). 
value 
See constant function, function and infinite product. 


the term ‘vector’ is used to describe a 


vector A 
In physics or engineering, 
nd a direction. 


physical ieee 

Somes like velocity or force that has a magnitude a: 

mathemati there may also be a specified point of application, but generally in 

ie tics that is not of concern. Thus a vector is to be ‘something’ that 
E taS and direction. 

ne a ` 7 s S 

4 nei ee is to define a vector to be an ordered pair consisting of 

The A ie number, the magnitude, or length, and a direction in space. 

thessa a a and b are said to be equal if they have the same magnitude and 

go rection. The z agni irecti 

is also allowed. ero vector 0 that has magnitude 0 and no direction 
Ar 2 

Ta ape way is to make use of the 

si and define a vector to be the collecti 
H 


well-defined notion of directed line- 
‘on of all directed line-segments 
AB is a directed line-segment 


a given length and a given direction. If 
AB represents a. If 


M ti A m 
Do — that is the vector a, it is said that Br 
have tis ena represent the same vector, then AB and CD are parallel and 
length of ee length, The magnitude. or length, [al of the vector a is the 
efinition, Fl of the directed line-segments that represent a. According to this 
eSeamace vectors are equal if they are the same collection of directed 
zero and daha It is also necessary to permit directed line-segments of length 
Titi Esi the zero vector 0 to be the collection of all these. ; 
Be Say first approach, the connection 1 with directed line-segments is made 
ben Hae a directed line-segment AB represents the ve 
Some b direction of AB are equal to the magnitude and direction of a. 
AB “Bathara iiia AB = a if AB represents the vector a, and then, if 
Use th a and CD = a, they to writ AB = CD. Some authors actually 
e the w ` 2 y go on to write / 4 u 
ord ‘vector’ for what we prefer to call a directed line-segment. They 


then write TB E ae rere 
tection. AB = CD if AB and CD have the sa 


ctor a if the 


me length and the same 


Vect: 

Westen gee ee (of a line) Given a line in space. let a be the position 

ine. Then Aa A on the line and u any vector with direction along the 

Fp Sat S ze consists of all points P whose position vestar p is given 
or some value of t. This is a vector equation of the line. 
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It is established by noting that P lies on the line if and only if p—a has 
the direction of u or its negative, which is equivalent to p—a being a scalar 
multiple of u. If, instead, the line is specified by two points A and B on it, with 
position vectors a and b, then the line has vector equation p = (1 — łt)a + tb. 
This is obtained by setting u = b — a in the previous form. 


vector equation (of a plane) Given a plane in 3-dimensional space, let a 

-be the position vector of a point A in the plane and n a normal vector to 
the plane. Then the plane consists of all points P whose position vector p 
satisfies (p — a) . n = 0. This is a vector equation of the plane. It may also 
be written p . n = constant. By supposing that p has components z, y, 2, that 
a has components T1, Y1; Z1, and that n has components l, m, n, the first form 
of the equation becomes Ux —2,)+m(y- th) +n(z—2z;) = 0 and the second 
form becomes the standard linear equation lz + my + nz = constant. 


vector product Let a and b be non-zero non- 
the angle between them (9 in radians, with 0 < 0 < 7). The vector product 
a x b of a and b is defined as follows. Its magnitude equals [al|b| sin, and 
its direction is Perpendicular to a and b such that a, b and ax b form a 
right-handed system. So viewed from a position facing the direction of a x b, 
the vector a has to be rotated clockwise through an angle of @ to have the 
direction of b. If a is parallel to b or if one of them is the zero vector 0, 


then a x b is defined to be 0. The notation a A b is also used for a x b. The 
following properties hold, for all vectors a, b and ec: 


(i) b x a= -(a x b). 

(ii) ax(kb) = (ka)xb = k(a x b). 

(iii) The magnitude |a x b| is equal to the 
sides determined by a and b. 

(iv) ax(b+e)=axb+ a x c, the distributive |, 

(v) If the vectors, in terms of their components (with respect to the 
standard vectors i, j, k), are a = @ii+aj+azk, b = bit bj + bsk, 
then a x b = (azb — azba)i + (a3by — a1b3)j + (ayb2 — azb; )k. This 
can be written, with an abuse of 3 x 3 determinant notation, as 


parallel vectors and let @ be 


area of the parallelogram with 


aw. 


E Jj E 
axb=ļ|a a2 a3}. 
bi bz bg 


vector projection (of a vecto: 
let OA and OB be directed line-segments representing a and b, and let @ 
be the angle between them (6 in radians, with 0 <O< 7). Let C be the 
projection of B on the line OA, The vector Projection of b on a is the 
vector represented by OC. Since lOc] = |OB|cos@, this vector projection is 
equal to |b|cos@ times the unit vector a/la|. Thus the vector projection of 
b on a equals 


(Eae 


ona vector) Given non-zero vectors a and b, 
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c 


a 
o 


The scalar projection of b on a is equal to (a. b)/|al, which equals |b] cos 8. 
It is positive when the vector projection of b on a is in the same direction as a 
and is negative when the vector projection is in the opposite direction to a; 
and its absolute value gives the length of the vector projection of b on a. 


vector triple product For vectors a, b and c, the vector ax(b x c), 
being the vector product of a with the vector b x c, is called a vector triple 
Product. The use of brackets here is essential, since (a x b)xc, another 
vector triple product, gives, in general, quite a different result. The vector 
ax(b x c) is perpendicular to b x ¢ and so lies in the plane determined by 
b and c. In fact, ax(b x c) = (a . c)b — (a . b)c. 


velocity Suppose that a particle is moving in a straight line, with a point O 
on the line taken as origin and one direction taken as positive. Let x be the 
displacement of the particle at time t. The velocity of the particle is equal to 
+ or dz/dt, the rate of change of x with respect to t. The velocity is positive 
When the particle is moving in the positive direction and negative when it is 


moving in the negative direction. 


Venn diagram A Venn diagram is a particular method for displaying 
relations between subsets of some universal set. The universal set Æ is repre- 
Sented by the interior of a rectangle, say, and subsets of Æ are represented by 
regions inside this, bounded by simple closed curves. For instance, two sets 
A and B can be represented by the interiors of overlapping circles and then 
the sets AU B, AN B and A \ B, for example, are represented by the shaded 
regions shown, : 


[C SC OID 


A Given one set A, the universal set is divided into two disjoint subsets 
a and A', which can be clearly seen in a simple Venn diagram. Given A ia 
A and B, the universal set Æ is divided into four disjoint subsets ANB, A' NB, 
N B' and A’ N B'. A Venn diagram drawn with two overlapping circles for 
A and B clearly shows the four corresponding regions. Given three sets A 
A and C, the universal set Æ is divided into eight disjoint subsets A n BA t] 
BNC, ANB'NC, ANBNC, ANB'NC!. ANBAN, ANB'NC 
and A'n Bn cl, and these can be illustrated in a Venn diagram as shown. 
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Venn diagrams can be used with care to prove properties such as de 
Morgan’s laws, but some authors prefer other proofs because a diagram may 
only illustrate a special case. Four general sets, for example, should not be 
represented by four overlapping circles because they cannot be drawn in such 


a way as to make apparent the 16 disjoint subsets into which E should be 
divided. 


vertex See ellipse, hyperbola and parabola; and cone. 
vertex (of a graph), vertex-set See graph. 


volume of a solid of revolution 


Let y = f(r) be the graph of a function f 
continuous on [a, b) 


and such that f(x) > 0 for all z in [a,b]. The volume V of 
the solid of revolution obtained by rotating, through one revolution about 


the z-axis, the region bounded by the curve y = f(x), the x-axis and the lines 
T =a and 7 = b, is given by 


b 
v=f ny de = [aiad 


PARAMETRIC FORM. For the curve z = z(t), y = y(t) (t € [æ,2]), the 
volume V is given by 


8 
v=[ wate f a(y(t))2x"(t) dt. 


Von Neumann, ‘Doctor Miracle’, was 
from 1930. Within pure mathematics, 
ional analysis, particularly in the area 
matics, he was one of the founders of 
of games. He wrote a fundamental text 
a lifelong interest in mechanical devices 
- This led to his being involved crucially in 
the initial development of the modern electronic computer and the important 
concept of the stored program. His most significant failure was his abortive 
attempt to introduce Viennese café life to Princeton, to his great regret. 


Wallis’s Product See pi. 


Weierstrass, Karl (1815-1897) Nineteenth-century mathematical analysis 
developed out of the unruly cornucopia of eighteenth-century calculus. The 
process was started by people like Cauchy. It came to maturity in the work of 
Weierstrass. In the late eighteenth century, mathematicians had been rather 
vague about the difference between a function and a formula. By Weierstrass’s 
time, things had developed to the point where he was able and concerned to 
give an example of a function that is everywhere continuous but nowhere 
differentiable. It was, in a sense, the point at which mathematical analysis 
departed from intuition and common sense, much to the annoyance of many of 
Weirstrass’s detractors. Some of his work was done while he was a provincial 
School teacher, having little contact with the world of professional mathemati- 
cians. He must be one of the few people to have been promoted directly from 
School teacher to professor of mathematics at the late age of 40. 


Weighted mean See mean. 


ee 


Z See integer. 
Z s 

n See residue class (modulo n). 
ze oe mee 

TO divisor = divisor of zero. 


zero element An clement z is a zero element for a binary operation o on a 
Set S if, for all a in S, aoz = zoa = z. Thus the real number 0 is a zero element 
for multiplication since, for all a, a0 = 0a = 0. The term ‘zero element’, also 
denoted by 0. may be used for an element such tht a+0=0+a =a for 
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all a in S, when S is a set with a binary operation + called addition. Strictly 
speaking, this is a neutral element for the operation +. 


zero function In real analysis, the zero function is the real function f 
such that f(x) = 0 for all z in R. 


zero matrix The m x n zero matrix O is the m x n matrix with all its 


entries zero. A zero column matrix or row matrix may be denoted by 0. 
zero (of a function) See root. 


zero vector See vector. 


part between two parallel planes. If the 


distance between the planes is h, the area of the 
quals 2rrh. 


Appendix 1 


TABLE OF AREAS AND VOLUMES 


vant rel e 
(For unexplained notation, see under the relevant re ference.) 


Rectangle, length a, width b: 
Area = ab. 


Parallelogram: 
Area = bh = absin0. 


Triangle: 
Area = $ base x height = 2 


Trapezium: 
Area = bh(a +b). 


Circle, radius r: 


Area = 7r?, 
Length of circumference = 27r. 


Right-circular cylinder, radius r, height A 


Volume = rr2h, 
Curved surface area = 27rh. 


Right-circular cone: 


Volume = dr?h, 
Curved surface area = ql. 


Frustum of a cone: 
Volume = 3mh(a + ab + b?), 
Curved surface area = z(a + b). 


Sphere, radius r: 
Volume = $ar?, 
Surface area = dar?. 


Zone of a sphere: 
Curved surface area = 2arh. 


Appendix 2 


TABLE OF DERIVATIVES 


f(x) J(c) 
k (constant) 0 
$ 1 
z* kak-1 
sing cos x 
cos —sing 
tanzt sec? s 
secr secr tang 
cosec x — cosec x cot © 
cotr —cosec? x 
ef het 
Ing: 1/x 
a (a>0) a” lna 
sine 2S 
l-z? 
cos! g sl 
Vl- r? 
tan} r 1 
1+2? 
sinh z cosh x 
cosh z sinha 
tanhae sech? z 
coth z —cosech? z 
sinh’ x ar. 
Vz? +1 
cosh7! s 1 
r? —] 
tanh") i 


Appendix 3 


TABLE OF INTEGRALS 


Notes: 

i (i) The table gives, for each function f, an antiderivative ġ. The func- 
ion $1 given by ¢1() = (£) +c, where c is an arbitrary constant, is also an 
antiderivative of f. 

(ii) In certain cases, for example when f(x) = 1/z, tanz, cotz, Sec T, 
cosecz and Vx? —a?, the function f is not continuous for all x. In these 
ee a definite integral f° f(x) dz can be evaluated as (b) — o(a) only if 

and b both belong to an interval in which f is continuous. 


f(z) oa) = f fe)ae 
ee eS 
k+l 
k a 
e Ei k+l 
Ma In|z| 
sing — cos T 
cost sins 
tangs —In|cosz| = 1n |secz| 
secz In|seer + tan z| 
cosec ar in [cose — cot z| = In| tan 32l 
cota In|sin2| 
sin? r H(z- 3sin2z) 
cos? x Mn+ }sin 2x) 
sinh x cosh 
cosh x sinh x 
et (k #0) etk 
et sin br ae (asin br — bcos br) 
a 
ar à 
e°? cos br = 7 (acos bx + bsin br) 
a 
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f(z) wa) = f sc) de 
a (a>0,a#1) a*/Ina 
Ing ring—z 
1 z 
— > Wie 
Var? (a>0) sin 
ee b a 
a? +4? (a>0) ztn E 
ee ee 
ae (asx = 
z? — a? ) A bree 
1 
Vera (a > 0) sinh? z or In(x + V2? +a?) 
1 
aa (a >0) cosh“? = or In |e + Va? = | 


VT? +a? 1 
ra TVT? +a? + la? ln(z + Vx? + a?) 

V2? — a? 1 
p 2eVa? — a? — ja? In| + Va? — a? 


2 72 
ee Cen arva? — 7? + da? sin-1 Z 
a 
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TABLE OF SERIES 


„n 
aie 4 ape (for all x), 
n! 


2n+1 


(lain (for all z), 


2n 


T 
cosa = n+ (1) a t for all x), 
+(-1) ny * ( ) 
p3 r5 7 antl 
sinha = Oy Bt fe for all x), 
a u a tae ( ) 
2 A 6 pen 
COs = 1 E N.E eae F ps for all x), 
tatatat + em ( ) 
2 3 A n 
Cn a a MR E (Heg Ei) 
p 3 4 n 
3 5 7 2n+1 
Weena Bo p ni ge ISSE 
fo Peg th +(=1) "Sara 
3 fant 
sinir =r iz’ o Kefas 
EEST v 
+ 
epee) (ELSES), 
32" (2n + 1) 
(+z) = Bea, & 
Phe 
4p ala=Vlannt Dyn 4... (-1<2<})- 


n! 


(This is a binomial expansion; when a is a non-negative integer, the expansion 


is a finite series and is then valid for all z.) 


Appendix 5 


TABLE OF TRIGONOMETRIC FORMULAE 


sin A A 1 
mA ed OAS aa a 
1 
sec A = sA’ cosec A = aa 


cos? A +sin? A=1, sec? A= l+tan?A, cosec? A = 1 + cot? A. 


Addition formulae 


sin(A + B) = sin A cos B + cos A sin B, 
sin(A — B) = sin A cos B — cos Asin B, 
cos(A + B) = cos A cos B — sin Asin B, 
cos(A — B) = cos A cos B +sin Asin B, 
tan A + tan B 
tan( A = —, 
AER) l— tan Atan B 
tan A — tan B 
tan(A.—= B) = — 
w m l+tanAtanB 


Double-angle formulae 


sin2A = 2sin Acos A, 

cos 2A = cos? A — sin? A, 

cos2A = 1 — 2sin? A, sin? A = 4a — cos 2A), 
cos 2A = 2cos? A — 1, cos? A = }(1 + cos2A), 
2tanA 


tan2A = — 
1—tan? A 


Tangent of half-angle formulae 


Let ¢ = tan $A. Then 


2t 1-? 
i E E ==: tanA = 
ne 1+?" i+ 


Product formulae 


sin Acos B = $(sin(A + B)+sin(A — B)), 
cos Asin B = 4(sin(A + B) — sin(A — B)), 
cos A cos B = 4(cos(A + B) + cos(A — B)), 
sin Asin B = 3(cos(A — B) — cos(A + B)). 


Sums and differences 


sinC + sin D = 2sin 3(C + D) cos (C-D), 
sinC — sin D = 2cos ¿(C + D) sin (C-D), 
cosC + cos D = 2cos 3(C + D)cos4(C — D), 


cosC — cos D = —2sin3(C + D)sin3(C — D). 
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Appendix 6 


TABLE OF SYMBOLS 


Symbol Reference 

a negation 

A conjunction 

v disjunction 

> $ implication 

~ equivalence relation 
P y quantifier 

Ei E belongs to 

Gn subset 

G Dd proper subset 

U, U union 

N, A intersection 

AO OA complement 

oO empty set 

AxB Cartesian product 
ANB, åp difference set 

A+B, AAB symmetric difference 
n(A), #(A), |A| cardinality 

P(A) power set 

n! factorial 

[a,b] closed interval, least common multiple 
(a,b) open interval, greatest common divisor 
[a,b), (a, b) interval 

(") binomial coefficient 
[z] integer part 

{z} fractional part 

|z| absolute value 

lel modulus 

z conjugate 

Rz, Rez real part zi 
Sz, Imz 


imaginary part 
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Symbol Reference 

AB = directed line-segment 

|AB|, |AB| length 

Pll norm 

y square root 
approximation 
congruence 


aM 


Lies St ty ie 


ay 
o- 
a 


oe 
l 


nya 
Ve 


PF oe. F™, 


ayo, 


df 


yy... dy 
Fes Sur Bn fas es SE 
Sassay 
PF PE 
dn?” ðrðy 


i, 


J 


a.b 
axb, aAb 
a. (bx c), [a, b,c] 


AC, At at 


me 


ie Ser 


Fir, fiz. 


df 


d'y 
' dz? 


da" 


summation notation 


product notation 

pi 

function, mapping 

function, mapping 

limit 

limit from the left, and right 
composition 

inverse function, inverse mapping 


derivative, derived function 
higher derivative 
higher derivative 


partial derivative 


higher-order partial derivative 
higher-order partial derivative 


rate of change 


integral, antiderivative 


scalar product 
vector product 
scalar triple product 
vector triple product 
transpose 

inverse matrix 
determinant 

group 

ring 
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TABLE OF GREEK LETTERS 


Name 


Lower Case 


Capital 


Alpha 
Beta 
Gamma 
Delta 
Epsilon 
Zeta 
Eta 
Theta 
Iota 
Kappa 
Lambda 


Omicron 
Pi 

Rho 
Sigma 
Tau 
Upsilon 
Phi 

Chi 

Psi 
Omega 
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MORE OXFORD PAPERBACKS 


Details of a selection of other Oxford Paperbacks follow. A 
complete list of Oxford Paperbacks, including The World’s 
Classics, Twentieth-Century Classics, OPUS, Past Masters, 
Oxford Authors, Oxford Shakespeare, and Oxford Paperback 
Reference, is available in the UK from the General Publicity 
Department, Oxford University Press (RS), Walton Street, 
Oxford, OX2 6DP. 


In the USA, complete lists are available from the Paperbacks 
Marketing Manager, Oxford University Press, 200 Madison 
Avenue, New York, NY 10016.. 


Oxford Paperbacks are available from all good bookshops. In 
case of difficulty, customers in the UK can order direct from 
Oxford University Press Bookshop, 116 High Street, Oxford, 
Freepost, OX1 4BR, enclosing full payment. Please add 10 per 
cent of the published price for postage and packing. 


THE STRUCTURE OF THE UNIVERSE 
Jayant Narlikar 


Professor Narlikar examines the fundamental problems of 
physics and cosmology in his analysis of the nature, suenie; 
and theory of the universe. Do black holes really exist? Wat 
is a quasar really like? What is gravitation? Why does uas 
appear to ‘flow’ in one direction only? Does the resolution o 
outstanding problems require ‘new physics’? These are chal- 


lenging issues and the author ensures that our interest is stimu- 
lated further. 


‘a nicely written, attractive book, including many useful . . : 
discussions of basic modern astrophysics, from an author o 
international repute’ Nature 


ʻa delightfully-written and presented book’ Journal of the 
British Astronomical Association 


An OPUS book 


“SUBTLE IS THE LORD...’ 
The Science and the Life of Albert Einstein 
Abraham Pais 


‘by far the most important study of both the man and the 
scientist’ New Scientist 


‘A really superb biography of Einstein and all his work. Here, 
Y, is the biography that Einstein himself would have 
wanted.’ Times Higher Education Sup 


oplement 
‘a great story now definitively retold? Sunday Times 
“A sympathetic but clear-eyed view of his life and work .. . 
examined mainly in his own plentiful papers, supplemented 
bya remarkably wide list of unusual sources. . . . a fine book. 
Scientific American 


THE SELFISH GENE 
Richard Dawkins 
New Edition 


A new edition of possibly the most exciting and innovative 
book on evolution in years. An international bestseller, Daw- 
kins’s superb reworking of the theory of natural selection has 
the rare distinction of having provoked as much interest outside 
the scientific community as within it. 

Fascinating, convincing, and beautiful in the simplicity with 
which complex ideas are expressed, The Selfish Gene is a 
classic. 

This revised, extended edition contains two important new 

chapters. ‘Nice Guys Finish First’ shows how co-operation can 
evolve even in a basically selfish world; ‘The Long Reach of 
the Gene’ puts forward the startling view that genes may reach 
outside the bodies in which they sit to manipulate other indi- 
viduals, and even the world at large. 
_ The Selfish Gene concludes with completely new endnotes 
in which Dawkins replies to previous critics, and elaborates 
on points in the original text. Written in characteristically lively 
and accessible style, this new edition confirms Dawkins’s repu- 
tation as one of the most brilliant biologists of his generation. 


‘this book should be read, can be read, by almost everyone. It 
describes with great skill a new face of the theory of evolution’ 


Science 


FOREVER UNDECIDED 
A PUZZLE GUIDE TO GODEL 


Raymond Smullyan 


This is an entertaining and accessible introduction to the works 


of the great mathematician and logician Kurt Gédel. Written 
as a series of braintingling puzzles—with their solutions—the 
book unravels Gédel’s famous theorems on incompleteness 
and undecidability with the help of a zany cast of characters— 
knights and knaves—on a magical island. Forever Undecided 
unlocks the meaning behind Gédel’s ideas for even the most 
illogical reader—and it’s great fun to read. 

blowing; a good way into the 
cialists.” The Times 


‘Enthralling, demanding, mind- 
subject for students and non-spe: 


THE MAKING OF THE ATOMIC AGE 
Alwyn M‘Kay 


For most of us the atomic age began in the 1940s with the 
dropping of the first atomic bomb, and in the post-war years 
when the first nuclear power stations came into being. What 
scientific discoveries lay behind these developments? Dr 
M‘Kay, himself a pioneer nuclear scientist, reconstructs the 
story in absorbing detail, and also looks at the future of nuclear 
power in the context of world energy resources. 


“Written at a popular level . . . The writing is admirable. Not 
only are the technical points well explained, but the topics are 
skilfully selected so that the reader is given a clear overall 
picture of the discoveries and of the scientists who made them. 
I recommend this book unreservedly.’ British Book News 


An OPUS Book 


THE LIMITS OF SCIENCE 


Peter Medawar 


“Peter Medawar’s latest 


and, in my view, most wonderful book 
- ++ [is] so much fun t 


© read that you may fail to recognize, 
until later, that he is writing seriously on serious matters, doing 
his best to protect scientific endeavour against damage by 
people (and governments) who have 

the importance of the ente 


GAIA 
A New Look at Life on Earth 
J. E. Lovelock 


Dr Lovelock’s Gaia hypothesis first took the scientific world 
by storm in the mid-seventies. He proposed thar all living 
things on the earth are part of a giant organism, involving air, 
oceans, and land surface, which for millions of years has con- 
trolled the conditions needed for a healthy planet. While stres- 
sing the need for continued vigilance, Dr Lovelock argues that, 
thanks to Gaia, our fears of pollution-extermination may be 
unfounded. 


‘This is the most fascinating book that I have read for a long 
time.’ Kenneth Mellanby, New Scientist 


ARISTOTLE TO ZOOS 
A Philosophical Dictionary of Biology 
Peter & Jean Medawar 

In this book Peter and Jean Medawar have compiled their 
personal A-Z of the life sciences. In some two hundred short 
essays on a wide variety of biological topics of general interest 
they offer both an introduction for the layman and a source 
of new insight for the specialist. The book provides a blend 
of fact, literary allusion, historical anecdote, and mythical and 
folk tradition. 


, and delightfully eccentric, dic- 


‘One of the most delightful 
York Times Book 


tionaries | have ever encountered.’ New Y 
Review 
‘beautifully written . . . a thoroughly incisi 


treatment of how practising biological scient 
they think about’ Times Higher Education 


ve and level-headed 
ists think and what 
Supplement 


ON BEING THE RIGHT SIZE AND OTHER 
ESSAYS 


J. B. S. Haldane 
Edited by John Maynard Smith 


J. B. S. Haldane was one of the founders of the modern theory 
of evolution, but he will also be remembered as the foremost 
popular scientific essayist of his time. The essays in this varied 
selection reflect not only his dedication to science, but also his 
passionate interest in politics, philosophy, and religion. 


‘They are masterpieces and they date hardly at all. 1 found 
them as much fun to read and as convincing now as they were 
when I first read them. The essay On Being the Right Size 


should be in every anthology of English essays.’ Peter Medawar, 
Guardian 


GREAT SCIENTIFIC EXPERIMENTS 
Rom Harré 


The vast range and intensity of human endeavour to be found 
throughout history in great scientific experiments make com- 
Presents twenty case histories, 
each scientist. He sets their 
how its significance, and uses 
themselves to describe their 


His straightforward narrative 
approach, clear explanations, and lively style combine to con- 
vey the excitement of scientific discovery. 


‘a great success’ Peter Medawar, 


methods and achievements. 


New Scientist. 


THE PHILOSOPHIES OF SCIENCE: 


An Introductory Survey 
Rom Harré 
Second Edition 


The new edition of this survey of scientific thought contains 
a new chapter in which Dr Harré examines science as a social 
activity, analysing such problems as funding and animal 
experimentation. 


‘Harré’s The Philosophies of Science offers a respectably cool, 
hard look at scientific thought and its relationship with the 
great historical schools of philosophy - . - both scholarly and 
lucid . . . and as good an introduction to the subject as could 
be wished for.’ Times Literary Supplement 


An OPUS book 


A HISTORICAL INTRODUCTION TO THE 
PHILOSOPHY OF SCIENCE 


Second Edition 
John Losee 


Since the time of Plato and Aristotle, scientists and philosophers 
have raised questions about the proper evaluation of scientific 
interpretations. A Historical Introduction to the Philosophy 
of Science is an exposition of positions that have been held on 
issues such as the distinction between scientific inquiry and 
other types of interpretation; the relationship between theories 
and observation reports; the evaluation of competing theories; 
and the nature of progress in science. The book makes the 
philosophy of science accessible to readers who, do not have 
extensive knowledge of formal logic or the history of the 
sciences. 


An OPUS book 


SCIENCE AND TECHNOLOGY IN WORLD 
DEVELOPMENT 


Robin Clarke 
Published in association with UNESCO 


Foreword by Amadou-Mahtar M’Bow, Director- 
General of UNESCO 


In the developed world, many of today’s most urgent problems 
lie on the frontiers of science and technology. Robin Clarke’s 
account—based on a UNESCO report—examines the crucial 
relationships between science, technology, and society in both 
developed and developing countries, and raises controversial 


questions about the nature of scientific advance and who really 
benefits from it. 


An OPUS book 


THE RECURSIVE UNIVERSE: 


Cosmic Complexity and the Limits of Scientific 
Knowledge 


William Poundstone 


ackers’ pastime called ‘Life’, 
nodern physics and 


h ules of the game may mirror those that 
have resulted in the creation of life itself, 


‘Poundstone’s book is a fantastic explosion of intellectual fire- 
works . . . [it] should be read by anyone concerned with the 


awesome philosophical implications of today’s physics and 
cosmology.’ Martin Gardner 


THE ROVING MIND 
Isaac Asimov 


This book offers a panoramic view of fringe science, tech- 
nology, and the society of the future. 


With extraordinary insight, Isaac Asimov examines: 
i Creation versus evolutionism 
the Moral Majority and censorship 
* scientific heretics and science fiction 
* extra-terrestrial life, telepathy, and UFOs 
of the future where cloning, space 


He offers an exciting view 
are just some of the 


colonization, and interplanetary travel 
probabilities . . . 


‘vintage Asimov’ Publishers Weekly 


WHAT IS PSYCHOTHERAPY? 
Sidney Bloch 


Sidney Bloch covers both 
kinds of people and prob- 
the qualities needed in 

he or she has to face. 
oretical approaches 
he psychodynamic, 
l, and outlines the 


In this introduction to psychotherapy 
theory and practice. He discusses the 
lems that can be helped by treatment, 
a therapist, and the ethical difficulties 
He examines the three fundamental the 
from which all the many schools derive—t 
the humanist-existential, and the behavioura 
findings of systematic research. 


‘This admirably clear and demyth 
major approaches and, more imp 
expect from them, is more than we 


An OPUS book 


ologizing introduction to the 
ortant, just what we can 
Icome.’ New Statesman 


BETRAYERS OF THE TRUTH 


Fraud and Deceit in Science 
William Broad and Nicholas Wade 


Why are scientists tempted to cheat? What leads a man who 
has devoted his life to the pursuit of the truth to fabricate 
evidence? Do rhetoric and propaganda play as large a role in 
science as they do in politics, law, and religion? Betrayers of 
the Truth analyses how the lure of fame and big money can 
lead scientists to abandon the ideals of their profession. Draw- 
ing on examples from astronomy, physics, biology, and 
medicine, the authors discuss scientific fraud as a historical 
phenomenon, perpetrated by men as separated in time as 
Ptolemy and Mendel, Newton and Sir Cyril Burt. They also 
explore fraud as a modern problem, endemic in the huge 
research factories which are part and parcel of modern scientific 
investigation. 
‘a highly res; 


I ponsible and well-argued contribution to the 
sociology of s 


cience’ Peter Medawar, London Review of Books 


CONCISE SCIENCE DICTIONARY 


Over 7,000 entries provide full coverage of terms and concepts 
in physics, chemistry, biology (including human biology), 
biochemistry, palaeontology, the earth sciences, and 
astronomy, plus commonly encountered terms from mathe- 
matics and computing sciences. It is written in a clear and 
explanatory style to provide both straightforward definitions 
and invaluable background information. 

‘an essential tool for all school and college libraries, and in 
fact for anyone wanting to understand a wide range of scientific 


words and matters’ New Scientist 


Oxford Reference 


NEURONAL MAN: 
The Biology of Mind 
Jean-Pierre Changeux 


Neuronal Man was originally published in France as L'Homme 
neuronal and was a best-seller for months; it also won the 
Broquette-Gonin Literary Award from the Académie Frangaise 
in 1983. The book is an extraordinarily wide-ranging synthesis 
of the most up-to-date knowledge we have of the human 
brain—an account of discoveries as revolutionary as those in 
atomic physics at the turn of the century or genetics in the 
fifties. But, more than a guided tour of the human brain, the 
book presents the author's radical and controversial 
hypothesis: that there is no ‘mind’ in man, nothing psychic, 
but rather only neurons, synapses, electricity, and chemistry. 


‘An excellent book . . . remarkably clear and easy to read . . 
. [know of no better book to serve as a guide to neuroscience 
for the layman.” Times Higher Education Supplement 


“Writing with elegance and panache, he assaults dualist notions 
of a separate mind or spirit, the province of the philosopher 
and the theologian, like a latter-day knight errant riding 
through a land of misguided heathens.” New Scientist 


TBS: 
The Life and Work of J. B. S. Haldane 
Ronald Clark 


Preface by Sir Peter Medawar 


ost brilliant of British 


The definitive biography of one of the m l 
aaa geneticist and physi- 


scientists. Haldane was a trail-blazing gene p 
ologist, a highly successful popularizer of science, a dedicated 
Marxist, and a devotee of Hindu culture, whose tempestuous 
private and public life made him one of the most controversial 


figures in the scientific world. 


‘Marvellous reading. The book is a h 
brilliant scientific achievements a 
tricities.’ Cambridge Evening News 

both just and warmhearted.” 


appy mixture of Haldane’s 
nd his wonderful eccen- 


‘an excellent biography . - 
C. P. Snow, Sunday Times 


CHARLES DARWIN AND T. H. HUXLEY 
Autobiographies 
Edited by Gavin de Beer 


Darwin found writing irksome: Huxley loved it. Darwin’s 
prose is gentle and rather ponderous: Huxley’s is lucid and 
impassioned, his mind, as Darwin described it, ‘as quick as a 
flash of lightening and as sharp as a razor’. Darwin was modest 
and withdrawn: Huxley sought the limelight and saw himself 
as leading the crusade for the concept of evolution. The jux- 
toposition of their memoirs in one volume serves to pinpoint 


their similarities and differences, and to illuminate the relation- 
ship between them. 


‘it is singularly appropriate that these two autobiographies 
should be reprinted together, for in the history of science there 
can hardly have been a more fruitful and essential association 


of two men of such strikingly different personalities’ Journal 
of Natural History 


THE STANDING OF PSYCHOANALYSIS 
B. A. Farrell 


c and confusing 
subject. What are we to make of it? In this book, B. A. Farrell 
roblems psychoanalysis raises. How 
rine? And how effective is it as a 


ation to science, history, 
and common sense. And by 
rounds the subject, it dispels 
lex experts and laymen alike. 


An OPUS book 


psychiatry, objective psychology, 
clarifying the controversy that sur: 
some of the confusions which perp 


i al 


ORDER AND SURPRISE 
Martin Gardner 


During a career spanning more than fifty years, Martin Gardner 
has proved himself a fine science popularizer and a tireless 
champion of reason. This book includes essays on a whole 
range of subjects, from propaganda art and Santa Claus to 
word play and quantum mechanics; and reviews of the works 
ot Orwell, Eysenck, Lewis Carroll, and many others. It will 
delight old Gardner fans and captivate new ones. 

about his book Order and Surprise is to 
ledge of science and literature... 
knowledge make him an 
ral peculiarities of our 


“What is fascinating 
what purpose he puts his know! 
Gardner’s scepticism and scientific 
excellent guide to some of the cultu 
time.’ Tribune 


PUZZLES FROM OTHER WORLDS 


Martin Gardner 


collection from that master 
takes the form of a science- 
creatures as the tethered 


Each of the puzzles in this new 
puzzle-maker, Martin Gardner, 
fiction story. Full of such bizarre 
purple-pebble eaters and the not-so-intelligent race of three- 
eyed humanoids from the planet Chromo, each story presents 
a puzzle whose solution involves logic, wordplay, palindromes, 
geometry, probability, or magic numbers. The first puzzle leads 
in turn to second, third, and sometimes even fourth puzzle, 
and solutions to all four levels are given at the end of the book. 
Now published for the first time in Britain, this book will prove 
irresistible to science-fiction buffs and puzzle-players. 


THE SACRED BEETLE AND OTHER GREAT 
ESSAYS IN SCIENCE 


Chosen and introduced by Martin Gardner 


From Darwin on evolution to Einstein on relativity, covering 
subjects as diverse as science and literature, the sea, the laws 
of physics, the beautiful woman, logic, and the life of the bee, 
this is a lively collection of essays by some leading interpreters 
of science. 

Contributors include Isaac Asimov, Rachel Carson, Charles 
Darwin, Albert Einstein, Sigmund Freud, Stephen Jay Gould, 
Bertrand Russell, Carl Sagan, Lewis Thomas, and H. G. Wells. 


THE WHYS OF A PHILOSOPHICAL 
SCRIVENER 


Martin Gardner 


Unlike many modern thinkers Martin Gardner considers him= 
self a philosophical theist, and convincingly argues that ‘one 
can be a theist, with all that faith in a personal God entails, 
and at the same time combine theism with the utmost respect 
for reason and science’. 

In this book, Gardner takes the reader 
journey, in the course of which he defends with skill, humour, 
and erudition his strong opinions on the problems and dilem- 
mas of classical philosophy. The result is a remarkable personal 
confession, often entertainingly satirical, by a man who, though 
devoted to scientifically ascertainable fact, can still find science 


and life surrounded by, and interfused with, vast and im- 
penetrable mystery. 


on a philosophical 


‘It is always interestin: 


g to witness the thinking of a clever and 
knowledgeable man.’ 


Peter Medawar, New Scientist 
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THE CONCISE OXFORD DICTIONARY OF MATHEMATICS 
CHRISTOPHER CLAPHAM 


This dictionary is intended for sixth-form pupils, college 
students, and first-year university students who are 
taking mathematics as one of their courses. It is a 
scholarly and trustworthy guide to the concepts and 
terminology of all the topics that feature in pure 

mathematics courses at this level today. The ; 
exceptionally reliable definitions and clear explanations 
provided will make this an invaluable reference book. At 
the same time, it will lead readers to make new 
discoveries by following up cross-references and by 
browsing. It also includes entries concerned with 
important mathematics of more general interest, and 
short biographical sketches ofthe great mathematicians. 


Christopher Clapham is Senior Lecturer in Mathematics 
at the University of Aberdeen. He is the author of 
Introduction to Abstract Algebra and Introduction to 
Mathematical Analysis. 


Also in Oxford Reference 
Concise Medical Dictionary Third Edition 
Concise Science Dictionary 
Concise Dictionary of Law 
Second Edition 


Cover illustration by Robin Chevalier 


ISBN 0-19-286103-4 
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